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i1} SUMMARY OF RESEARCH

Knowing characterizing property which may provide unexpectedly accurate information about
distributions and one can recognize a class of distributions before any statistical inference
is made, This feature of characterizations of probability distributions is peculiar to
characterizing property and attracted attention of both theoretician and applied workers but
there is no general theory of it. Various approaches are available in the literature. Most of
them are research concentrated on the role of first two moments.

Characterizations was independently develop in different branches of applied probability and pure
mathematics. Characterizations theorem are located on borderline between probability theory
and mathematical statistics. It is of general interest to mathematical community, to probabilists
and statistician as well as to researchers and practitioner industrial engineering and operation
research and various scientist specializing in natural and behavior science, in particular those
who are interested in foundation and application of probabilistic model building, (see basic
book on characterizations by [1JLukacs and Laha and the more advance comprehensive
mathematical tools (entirely toward normal distribution) see [2] kagan, Linnik and Rao.

It is well known that smaller and the larger of a random sample of size two are positively correlate
and coefficient of correlation is less or equal to one half. [3] Bartoszyn'ski proposed that a
result of this type might exist in connection with a problem in cell division. Since the two
daughter cells cannot always be distinguished later, the times till their further division can only
be recorded as the earlier event and the later event. The correlation between these ordered pairs
thus may provide the only information on the independence of the two events. Path breaking
different approach

Normally the mass of a root has a uniform distribution. Plant develops into the reproductive phase of
growth, a mat of smaller roots grows near the surface to a depth of approximately 1/6-th of
maximum depth achieve [See G. Ooms and K. L. Moore [4]]. Dixit [5] studied problem of
efficient estimation of parameters of a uniform distribution in the presence of outliers and these
masses of have different masses therefore, those masses have different uniform distribution
with unknown parameters and distributed with Generalize Uniform Distribution (GUD).

(2) MY CONTRIBUTION

Provide new path braking unified approach “identity of distribution and equality of expectation of
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function of random variable, function of order statistics” to characterize Negative Exponential
Distribution, Power-Function Distribution, Pareto Distribution, Uniform Distribution and
generalize Uniform Distribution through expectation and through expectation of function of
order statistics, over and above other approaches available in statistics litterer such as identical
distributions, absolute continuity, constancy of regression of order statistics, continuity and
linear regression of order statistics, non-degeneracy, independence of suitable function of order
statistics, linear relation of conditional expectation, recurrence relations between expectations
of function of order statistics, distributional properties of exponential distributional, record
valves, lower record statistics, product of order statistics and Lorenz curve, etc.

REFERENCE

1 Lukacs, E and Laha, R. G. (1964). Application of characteristic function. Griffin,
London.

2 Kagan, AM., Linnik, Yu.V. and Rao, C.R. (1973). Characrerization Problems in
Mathematical Statistics, J. Wiley, New York (English translation).

3 Bartoszynski, R. (1980). Personal communication.

4 G.Ooms, and K. L. Moore. A model assay for genetic and environmental changes in
the architecture of intact roots systems of plants, grown in vitro, Plant Cell, Tissue
and Organ Culture, 27, 129-139, 1991,

5 U, J. Dixit and Masoom, Ali and J. Woo. Efficient estimation of parameters of a
uniform distribution in the presence of outliers, Soochow Journal of mathematics,
Volume 29, No. 4, pp. 363-369, October 2003.

(3) Presented research paper :

SR. NO. | Title of the paper presented | Title of conference/ Seminar Organized by
1 Characterization of Power- | 3¢ International Science 8™ & 9™ December, 2013
Function Distribution Congress (ISC-2013) International Science
through Expectation Congress Association Under
the auspices of Kamunya
University, Coimbatore, Tamil
Madu, INDIA
Characterization of International conference on December 16-18, 2013
Negative Exponential role of statistics in the Department of statistics
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Distribution through advancement of science and university of pune
Expectation technology, on the occasion
of diamond jubilee year of
the Department of statistics
university of pune & the
international year of
statistics,
2 Characterization of Pareto | International Conference on October 21-23,2013
Distribution through Orperations Research for Data Department of Statistics,
Expectation OF function of Analytics and Decision University of Kashmir,
Order Statistics Analysis (ICORDADA-13) Srinagar, J&K, India
(NAAC Accredited Grade
"AT)
Characterization of International Conference on 261h-28th December, 2013
Negative Exponential Recent Advances in Statistics Dept. of Statistics, Dr.
Distribution through and Their Applications in Babasaheb Ambedkar
Expectation conjunction with xxxiii Marathwada University,
annual convention of Indian Aurangabad-431004, State:
society for probability and Maharashtra (INDIA)
statistics (ISPS)
3 Characterization of 15t international Virtual 2014 Jun 5-10
Uniform Distribution u Congress
(0.8 ) through Expectation Organized by International
Science Congress Association,
WWW.iscanel.eo
4 Characterization of 32nd Annual National November 1-3, 2014
Generalized Uniform Conference on Recent ISMSCON 2014
Distribution L{(0,8) Advances in Statistical Department of Statistics,
Through Expectation Of Methods And Their University of Jammu,
function of Order Statistics Applications in Health
Sciences
5 Characterization of International Conference on 2014, Nov. 30 - Dec. 2
Generalized Uniform Statistics and Information ISPS
Distribution 1/(0,8) Technology for a Growing Department of Statistics, Sri
Through Expectation Mation Venkateswara University,
Tirupati.
6 Characterization of Power- | International conference on 2014, Dec_ 1- 3
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Function Distribution Role of Statistics in ORSI
through Expectation International Conference on Department of Statistics, Sri
Operations Research or for Venkateswara University,
Big Data and Analytics Tirupati
[ Characterization through Imternational Workshop on 2015 Jan. 5-7
Expectation Reliability and Time Series Department. of Statistics
Methodology relevant to Cochin Univ. of Science and
Business and Industry Technology, Keral
7 Statistical Skill Ist International Young 8" & 9™ August, 2013
Scientist Congress (TYSC- ISCA
2015) for Workshop on Maharaja Ranjit Singh College
Statistical Skill of Sciences, Indore,
] Characterization of one- Sth International Science 2015 Dec. 8 -9
IrUnCation parameler Congress (ISC-2015) ISCA
family of distributions Conference Tribhuvan University,
through Expectation Divers Resources: Solutions Kathmandu, Nepal
and Advancements
9 characterization of Pareto International Conference 2015 Dec.17 - 19
distribution through OR best practices & ORSI-Bhubaneswar Chapter
expectation of function of operational issues in & S0A University
order statistics development sector
] characterization of one International Conference on 2015 Dec.20 - 24
truncation parameter Celebrating Statistical I5A
families of distributions Innowvation and Impact ina | International Indian Statistical
through expectation of World of Big & Small Data Association Department of
function of order statistics Statistics Savitribai Phule
Pune University.
11 Deeliver three lectures 21-25/6-2016 in Department
of Statistics University of
Kashmi
12 characterizing non-regular | International Workshop on 2016 Nov. 3 — 4 Department
parameter families of Reliability Theory and of Statistics, Savitribai Phule
distributions Survival Analysis Pune University,
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(4)

13 Non-regular (truncation 6th International Science 2016 Dec. 8 - 9 ISCA
parameter) families Congress Hutatma Rajguru
Mahavidyalaya, Pune,
14 Participated in workshop | Data Envelopment Analysis 2016 Dec._ 11
conducted on Data Birla Institute of Management
Envelopment Analysis Technology, Greater Noida
15 characterization of power | International Conference on 2016 Dec.12 - 14
function distribution Analytics in Operational ORSI
through expectation of Research Birla e of Management
function of order statistics Technology

Published 6 research paper (attached) in international journals

SR.

NGO,

Title of the published paper

1

Bhatt Milind B. (2013), Characterization of Negative Exponential Distribution through Expectation,
Cipen Journal of Statistics, 2013, 3, 367-369.

Bhatt Milind B. (2013), Characterization of Power-Function Distribution through Expectation, Open
Joumal of Siatistics, 2013, 3, 441443,

hatt Milind B, (2014), Characterization of Negative Exponential Distribution Through Expectation
of Function of Onler Statistics, Journal of Statistical Science and Application 2 (2014) T9-84.

Bhatt Milind B, (2014), Characterization of Uniform Distribution u (0, ) through Expectation,
Research Journal of Mathematical and Statistical Sciences, (20143 February Vol. 2(2). 16-19.

Bhatt Milind B. (2014), Characterization of Uniform Distribution through Expectation of Function of
Order Statistics, Research Journal of Mathematical and Statistical Sciences, August (2014),
Vol. 2(8), 10-14.

Bhatt Milind B. (2014), Characterization of Generalized Uniform Distribution through Expectation,
Open Journal of Statistics, 2014, 4, 563-569.

[Bhatt Milind B. (2014), Characterization of Generalized Uniform Distribution Through Expectation of
Function of Order Statistics, Mathematics and Statistics 2014 2(6): 205-213.

Bhatt Milind B, (2015), Characterization of Power Function Distribution through Expectation of
Function of Order Statistics, Mathematics and Statistics, 2015, 3(6): 146-150.

L =]

hatt Milind B. (2015), Characterization of one-truncation parameter family of distributions through
expectation, ProbStat Forum, Volume 08, January 2015, Pages 34 {441},
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10 Bhatt Milind B, (2016), Characterization of Pareto Distribution Through Expectation of Function of
Order Statistics, Journal of Statistical Science and Application, August 2016, Vol. 4, No. 07-08, 196-
203,

11 Bhatt Milind B. (2017), Characterization of Pareto distribution through expectation, Research Journal
of Mathematical and Statistical Sciences, February (2017), Vol. 5(2), 1-4,

Award ; International Best oral presentation

(5)
“Characterization of one truncation parameter family of distributions through expectation™

5" International Science Congress (ISC-2015) Conference at Tribhuvan University,
Kathmandu, Nepal, organized by International Science Congress Association

(6) Field work :

Field work : 1 16-12-2013 to 19-12-2013. 4 days Field work of MRP for literature survey and
discussion with Prof. David D. Hanagal, Department of Statistics University of
Pune,

Field work : 2 26-12-2013 w 01-01-2014, 7 days Field work of MRP for literature survey and

discussion with Dr. V. H. Bajaj, Professor and Head, Department of statistics Dr.
Babasaheb Ambedkar Marathwada University, Aurangabad.

Field work ¢ 3 1-11-2014 1w 3-11-2014, 3 days Field work of MRP for literature survey and
discussion with Prof j p singh joorel, Professor and Head, Department of statistics
University of Jammu.

(6) Short term course

Short term course : 1 19-10-2013 1o 24-10-2013, | Weeks UGC Sponsor Short-term Course on
“Disaster Management™, A.5.C., 5 P. Univ.,, V. V. Nagar.
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Short term course : 202-12-2013 to 07-12-2013, | Weeks UGC Sponsor Short-term Course on
“Research Methodology™, A.5.C.. 5. P. Univ., V. V, Nagar
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P G DEPARTMENT OF STATISTICS
SARDAR PATEL UNIVERSITY
VALLABH VIDYA NAGAR-388120

GUJARAT

STATEMENT OF EXPENDITURE IN RESPECT OF MAJOR RESEARCH PROJECT

1. Mame of Principal Investigator Bhatt Milind Bhanuprasad
2. Dept. of Principal Investigator Department of Statistics

University/College Sardar Patel University

3. UGC approval Letter No. and Date F.42-39/2013(SR), dated 12-03-2013

4. Title of the Research Project Inferential problems on Non-regular (Truncation

5. Effective date of starting the project 1-4-2013

6. a. Period of Expenditure: From 1-4-2013 1o 31-3-2017

7. b. Details of Expenditure

Parameter) Family of Distributions

Item

Amount Approved

Expenditure Incurred

(Rs.)

(Give details in the

i Books & Journals 4.,00,000.00
399614.00
il Equipment Nill Nill
1,50,000.00
- Sﬂ,ﬂmmll
lii. Contingency Total 1,20,000.00 [119700.00
Iv. Field Work/Travel 50,000.00 [71960.00
+ 30,000,

Total  80,000.00
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proforma at Annexure-

IV).

V. Hiring Services
vi. Chemicals & Glassware
wil. Overhead 67,800.00 67,800.00
wiil. Any other items (FPlease
specify)
TOTAL 6,67,800.00 659074.00

c . Staff Mr. Hardikkumar Jashbhai Patel

Date of Appointment 02-09-2013 TO February - 2014

Staff Mr. Kapil ] Maheshwari

Date of Appointment 11-10-2014 TO October - 2015

S.No |ltems From To Amount Expenditure
Approved |incurred
(Rs.) (Rs.)
Honorarium to Pl (Retired
Teachers) @ Rs. 18,000/-p.m.
[14-12-
2. Project fellow: )2-09-2013 2013 69533.00
i) Mr. Hardikkumar Jashbhai
Patel
11-10- 17-10-
iy Mr. Kapil ] Maheshwari 2014 2015 5,28,000.00 178061.00)
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| It Ve e

1. It is certified that the appointment(s) have been made in accordance with the terms and

conditions laid down by the Commission.

2. If as a result of check or audit objection some irregularly is noticed at later date, action will

be taken to refund, adjust or regularize the cbjected amounts.

3. Payment @ revised rates shall be made with arrears on the availability of additional funds.

8. Itis certified that the grant of Bs. 8,31,800.00 (Rupees Eight lac thirty one thousand eight
hundrad only) received from the University Grants Commission under the scheme of
support for Major Research Project entitied Inferential problems on Non-regular (Truncation
parameter) family of istributions

. vide UGC letter No. F. 42-39/2013(SR) dated 12-03-2013

has been partly utilized for the purpose for which it was sanctioned and in accordance with the
terms and conditions laid down by the University Grants Commission.

SIGNATURE OF PRINCIPAL INVESTIGATOR

REGISTRAR
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STATEMENT OF EXPENDITURE INCURRED ON FIELD WORK

P ;G DEPARTMENT OF STATISTICS

SARDAR PATEL UNIVERSITY

VALLARH VIDY A NAGAR-388120

GUJARAT

Name of the Principal Invesligator:

Name of the Duratien of the Visit Mode of Expenditure
Place visited Journey Incurred (Rs.)
From To
Department of Statistics,
Uiniversity of Kashmir,
Brinagar J& K, India
21-10-20123 23-10-201 3 AlR Likddis, (o0
runya Liniversity,
oimbatore, Tamil Nadu, India
08-10-2013 (9-10-2011 3 AlIR 13505.00
artment of Statistics,
niversity
f Pune 16-12-2014 16-12-2014 AlR 16070.00
partment of Statistics, Dr. 215-12-2014 31-12-2014 AlR T240L.00
AM. University, Aurangabad
ment of Statistics, fi-11-2004 o B-11-2014 IAIR 21265.00
iversity of Jammu
97000
vect fellow [nterview 1768.04
Road G950

TOTAL 71960.00

Certified that the above expenditure is in accordance with the UGC norms for Major

Research Projects.

SIGNATURE OF PRINCIPAL INVESTIGATOR

REGISTRAR/




Page NO.
DEPARTMENT OF STATISTICS  Phine < 02692 220871 (Head ge NO 12‘

UG 2200M O Tieas
I YA T |

Fix 209 TR
RO AT IV PROGHA NN E-rmadl - disial spoioosulids cam
AP s PPORTED EPARTNVIE ST Woebsite @ wwwospuyyaedu/ped/ statisowsande i

—— m—— e - — T — o T W

Surdar Patel University, Vallabh Vidvanagar — 388 120 Gujarat, India

GO FILE Ny MRP 41-3920013(SR) (HRP) YEAR O] 104201 3
COMMENCEMENT

I'TTLE OF THE PROJECT ;

Name of the Principal Dr. Milind Bhanuprashad Bhatt
Investigator
Mame ol the University Post Graduate Il'-:p;n'tmu!ri of statistics, Sarda
| Patel University, Vallabh Vidyanaga
1. | Name of the Research Hardikkumar Jashbhai Patel :
| Personnel appointed | = s .
4. | Academic qualification | Sr.No. | Qualifications | Year | Marks | %age | |
[ ] M.Se 2013 56,6
12 ' M.Phil | !
3. [PhD _| :
| Date of joining l IJ_"-'HH-"EFI.J_.E_ h
6. | Date of Birth of Research L 01/07/1990

| Personnel
I | Amount of HRA, if drawn

K. | Number of candidate applied | 02
!

1} :'|-'['I|I'.'.

© CERTIFICATI
[his 1s to certily that all rules and regulations of UGC Major Rescarch
Project outlined in the guidelines have been followed. Any lapse on the
part of the University will liable to terminate of said UGC project

Ir- I ||,‘ : R - F] l:,;:‘_‘.\_, t;]ﬂ
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Annexure -VIII
UNIVERSITY GRANTS COMMISSION
BAHADUR SHAH ZAFAR MARG
NEW DELHI - 110 002.

Annual/Final Report of the work done on the Major Research Project.
{Report to be submitted within 6 weeks after completion of each year)
Project report No. 1st /2nd /3rd/Final
UGC Reference No.F. 42-39/2013(SR), dated 12-03-2013
Period of report : from 01-04-2015 to 31-03-2017

Title of research project : Inferential problems on Non-regular (Truncation
parameter) family of distributions

(a) MName of the Principal Investigator : Bhatt Milind B
{b)  Depit. Statistics
{c)  University/College where work has progressed : Sardar Patel University
Effective date of starting of the project : 29-05-2013
Grant approved and expenditure incurred during the period of the report:
(a) Total amount approved Rs. 11.95,800.00
(b)  Total expenditure Rs. 9%06668.00
{¢}  Report of the work done: (Please attach a separate sheet) : Encl-
i Brief objective of the project :

Provide new path braking unified approach “identity of distribution and equality of
expectation of function of random variable, function of order statistics” to
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characterize Negative Exponential Distribution, Power-Function Distribution, Pareto
Distribution, Uniform Distribution and generalize Uniform Distribution through
expectation and through expectation of function of order statistics, over and above
other approaches available in statistics litterer such as identical distributions, absolute
continuity, constancy of regression of order statistics, continuity and linear regression
of order statistics, non-degeneracy, independence of suitable function of order
statistics, linear relation of conditional expectation, recurrence relations between
expectations of function of order statistics, distributional properties of exponential
distributional, record valves, lower record statistics, product of order statistics and
Lorenz curve, etc,

Work done so far and results achieved and publications, if any, resulting :

SR. Title of the published paper
NO.

| Bhatt Milind B. (2013), Characterization of Negative Exponential
Distribution through Expectation, Open Journal of Statistics, 2013, 3,
367-369,

2 Bhat Milind B. (2013), Characterization of Power-Function Distribution
through Expectation, Open Journal of Statistics, 2013, 3, 441-443,

3  Bhan Milind B. (2014), Characterization of Negative Exponential
Distribution Through Expectation of Function of Order Statistics,
Journal of Statistical Science and Application 2 (2014) 79-84

4  Bhatt Milind B, (2014), Characterization of Uniform Distribution u (D, )
through Expectation, Research Journal of Mathematical and
Statistical Sciences, (2014) February Vol. 2(2), 16-19.

5  Bhatt Milind B. (2014), Characterization of Uniform Distribution through
Expectation of Function of Order Statistics, Research Journal of
Mathematical and Statistical Sciences, Aogust (2014), Vol. 2(8), 10-
14.

6 Bhatt Milind B, (2014), Characterization of Generalized Uniform
Distribution through Expectation, Open Journal of Statistics, 2014, 4,
563-569.

7 Bhatt Milind B. (2014), Characterization of Generalized Uniform
Distribution Through Expectation of Function of Order Statistics,
Mathematics and Statistics 2014 2(6): 205-213,

) Bhatt Milind B. (2015), Characterization of Power Function Distribution
through Expectation of Function of Order Statistics, Mathematics and
Statistics, 2015, 3(6): 146-150.
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ABSTRACT

For characterization of negative exponential distribution one needs any arbitrary non-constant function only in place of
approaches such as identical distributions, absolute continuity, constant regression of order statistics, continuity and li-
near regression of order statistics, non-degeneracy etc, available in the literature. Path breaking different approach for
characterization of negative exponential distribution through expectation of non-constant function of random variable is

obtained. An example is given for illustrative purpose.

Keywords: Characterization; Megative Exponential Distribution

1. Introduction

Knowing characterizing property may provide unexpec-
tedly accurate information about distributions and one
can recognize a class of distributions before any statisti-
cal inference is made. This feature of characterization of
probability distributions is peculiar to characterizing pro-
perty and attracted attention of both theoretician and ap-
plied workers but there is no general theory of it.

Warious approaches were used for characterization of
negative exponential distribution. Among many other peo-
ple, Fisz [1], Tanis [2], Rogers [3] and Fergusion [4] us-
ed properties of identical distributions, absolute continui-
ty, constant regression of adjacent order statistics, linear
regression of adjacent order statistics of random variables
and characterized negative exponential distribution. Us-
ing independent and non-degenerate random variables
Fergusion ([5,6]) and Crawford [7] characterized nega-
tive exponential distribution. Linear regression of two
adjacent record values used by MNagaraja ([8.9],) were
different from two conditional expectations, conditioned
on & non-adjacent order statistics used by Khan [10] to
characterize negative exponential distribution.

In this research note section 2 is devoted for charac-
terization based on identity of distribution and equality of
expectation function randomly variable for a negative ex-
ponential distribution with probability density function
(pdf).

“This work is supported by UGC Major Research Projest Mo
F Mo 42-39201 3SR}, dated 12-3-2013

Copyright © 2013 SciRes.

l=o).
acBacxch

«d (1.1)
Fine)= { a; otherwise
where —w<a<hb<o are known as constants, ¢ is
positive absolute continuous function and e”is every-
where differentiable function. Since derivative of ¢° is
positive, the range is truncated by & from left e =0.

2. Characterization

Theorem 2.1 Let X be a random variable with distri-
bution function F. Assume that F is continuous on the
interval (a,b), where —c<a<bs=. Let ¢(X) and
g(X) be two distinct differentiable and intregrable func-
tions of X on the interval (a,b) where —x<a<bs<=
and moreover g(.X') be non constant. Then

E[g(X)-(d/ax)g(X)]=g(6) @D

is the necessary and sufficient condition for pdf f(x:#)
of F tobe f(x6) defined in(1.1)

Proof Given f(x;&#) defined in (1.1), for necessity
of (2.1) if ¢(X) issuchthat g(8)= EE#{X}]

[ﬁ'} is differentiable function then

£(6) = [, #(X) £ (x:6)dr

Differentiating with respect to & on both sides of
(2.2), replacing X for @ and simplifying one gets

#(X)=[e(x)-((x)/a)] @3

(2.2)

oIS
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which establishes necessity of (2.1). Conversely given
(2.1), let k(x€) be such that

g(0)=[[g(x)-dg(x)/ax]k(x:0)dc  (24)
which can be rewritten as
g(0)=—e" I:[(g (x)+ {e"f{cbe",-"dr}} (dg [x}fdx])
k(x8)/(-<") Jdx
which reduces to
g(6)= —e"j:[d{e'*g[x]}/dx]
[k(x:8)(~¢"){d(e ™) /ax} ] e

(2.5)

(2.6)

Hence
k(x;8) = e’ (~de™* fdx). 2.7
Since e is increasing integrable and differentiable
function on the interval (a,b) with e* =0 the fol-
lowing identity holds

g(0) =[] d{eg(x)} fax far. (2.8)

Differentiating {e™*g(x)| with respect tox and sim-
plifying (2.8) after taking —de™/dr as one factor, (2.8)
reduces (o

g(6) = [ #(x)k(x:0)ax, (2.9)

where ¢(.X) isa function of X only derived in (2.3)
and k(= 8) isafunctionof x and ¢ only derived in
(2.7

Since e" be increasing integrable and differentiable
function on the interval (a,b) where —=<g<bsw
and since —de"/dx is positive intregrable function on
the interval (a,b) where w<a<b<w with e =0
and integrating (2.7) over the interval (&,b) on both
sides, one gets (2.7) as

k(x8)=e’(—de"fdx)ia<B<x<b  (2.10)

and
1= [ k(x:6)dr.
Substituting dt",‘rdx in .i{.t:&] derived in (2.10),
k(x;8) reduces to _,r'(x;&] defined in (1.1} which
establishes sufficiency of (2.1).

Remark 2.1 Using ¢#(X) derived in (2.3), the
f(x:8) given in (1.1) can be determined by

M(X)=(dg(x)/dr)/(#(x)-£(X)) @D
and pdf is given by
f(x:8)=~(dT(x)/dr)/T(6) (2.12)

Copyright © 2013 SciRes.

where T(x) is decreasing function for = <sa<b<w
with T'(B)=0 such that it satisfies

M(x)=d[log {T(X)}]/ax. (2.13)

lllustrative Example: Using method described in the
remark characterization of negative exponential distribu-
tion through survival function g(6)=F(#)=e " is
illustrated.

g(x)=etD
#(X)=g(X)-dg(X)fdx =) &0 =0
M (X) = (de (X)/dX)/(f (X)-g(x))=-1
aflog(e )} fax = () =1

nT(X)=e"

flx8) =g pchax<h

3. Conclusion

To characterize pdf defined in (1.1) one needs any arbi-
trary non-constant function of X which should only be
differentiable and integrable.
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Characterization of Negative Exponential Distribution Through
Expectation of Function of Order Statistics

Bhatt Milind. B
Department of Statistics, Sardar Patel University, Vallabh Vidyanagar | Dist. Anand, Gujarat, India

For characterization of negative exponential distribution one needs any arbitrary non constant function only in place
of approaches such as identical distributions, sbsolute continuity, constancy of regression of order statistics,
continuity and linear regression of order statistics, non-degeneracy etc. available in the literature. Recently Bhatt
characterized negative exponential distribution through expectation of non constant function of random variable.
Alternpt is made to extend the characterization of negative exponential distribution through expectation of any
arbitrary non constant function of order statistics.

Introduction

Let Xy, X5, .., X, be independent identically distributed random wvariables with absolutely continuous
distribution F and Xy < Xiz) < -+ < Xj,; be the set of corresponding order statistics. For n =2 Fisz
(1958) assumed that random variables X; and X;, were positive and used ratio instead of difference and
proved that X; and X; have negative exponential distribution if and only if Xy, and X — Xy, are
independent. Tanis (1964) made Fisz's result arbitrary for any finite n, that is, X, and E7.(X) — X(yy) are
independent under the same setup (identical distributions and absolute continuity ) and the same method (derive
results for exponent of negative of assumed positive variables using ratio instead of difference).

Under the same setup assuming independence of positive difference of adjacent order statistics;
(Xim+1) = Xpmy) and Xgmy; m = 2,3, ..., n, Rogers (1963) showed that if the regression of (Xgn+1) = X(m))
onf Xy is constant then distribution F is negative exponential. replacing Fisz's assumptions of absolute
continuity and Rogers's assumptions of constancy of regression of (Xm41) = Xgmy) on Xpmy by continuity
and linear regression of X 4qy on Xy, Fergusion (1967) generalizd the Roger’s result and noted that it is
not known which distribution would be characterized if non-adjacent order statistics were considered. Closely
related to Fisz'sresults, Fergusion (1964, 1965) and Crawford (1966) considered stronger assumptions of
independence and non-degeneracy for Xy, X; in place of identical distribution and absolute continuity, derived
characterization for negative exponential distribution and geometric distribution. Srivastave (1967) added one
more characterization to existing set of characterization of negative

Nagaraja (1977, 1988) obtained characterization results based on linear regression of two adjacent record
valuesand noted that Fergusion's remark for non-adjacent order statistics holds for record values too. Khan
(2009) characterized family of continuous probability distributions through the difference of two conditional
expectations, conditioned on anon-adjacent order statistics which include negative exponential distribution.

Corresponding author: Bhatt Milind. B, Ph.D, research field: Statistical inference, Department of Statisties, Sardar Patel
University, India. Email: bhattmilind_b@yahoo.com.
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B0 Characterization of Negative Exponential Distribution Through Expectation of
Function of Order Statistics
Using identity of distribution and equality of expectation of function of a random variable, Bhatt (2013}
derived characterization of negative exponential distribution with probability density function (pdf)

g lx-8) i R .
felx,8) = (L1}

0 : otherwise,

where—= < a < b < = are known constants, e~* is positive absolutely continuous function and e® is
everywhere differentiable function. Since derivative of e? being positive and since range is truncated by @
from left e® =0.

Aim of this research note is to extend Bhatt's result for expectation of order statistics. In section 2 negative
exponential distribution with pdf (1.1) is characterized by using function of first order statistic. Section 3 is
devoted for illustrativeexamples.

Characterization

Theorem 2.1: Let Xy, X;,.. X, be a random sample of size n from distribution function F. Let
X, <Xy, < <X, be the corresponding set of order statistics. Assume that F is continuous on the
interval (a,b), where —m<a<b <=, Let ¢(X;,) and g(X;,) be two distinct differentiable and
intregrable functions of first order statistic; X).,, on the interval (a.b), where —co < a < b < = and moreover
g(Xy.,) be non-constant of Xj.,. Then

E[g0aa) - () =9 (i) = 98 @n
is the necessary and sufficient condition for pdf f(x,8) of F tobe f(x,8) definedin (1.1).

Proof. Given f(x,8) defined in (1.1), for necessity of (2.1) if ¢(Xy,,) is such that g(8) = E[¢(X1.4)]
where g(@) is differentiable function then using f(x;.,, #); pdf of first order statistics one gets

9(8) = [ $(x1n) fx1.n,8) dty g (22)

Differentiating with respect to 8 on both sides of (2.2), replacing Xy, for 8 and simplifying the result
one gets

$(X1n) = gi) = (7) 760 K1n) 23)

which establishes necessity of (2.1). Conversely given (2.1), if k(x;.,,8) is pdf of first order statistics; X;.,
of random variable X then and one gets g(8) as

d

dxqym

9(0) = J; [90x1n) = (5) 7= 9(ran)| k(31 8) dtan (2.4)

Since e™in is increasing integrable and differentiable function on the interval (a,b) with e™® = 0 the
following identity holds
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Function of Order Statistics
9(8) = =™ [} [z=le™ ™12 g(x1n)}| dxy 25)

Differentiating integrand of (2.5), {e~ "= g(x;.,)] with respect to x,., one gets

90) = —e™ [} [g(ria) e mm + &7 g0 | ity 26)

Taking {—ﬁ:{e_“h}} as one factor, (2.6) reduces to

L

g(8) = —e™ —[: [’g(rl:n) 4 _‘T!h‘xl g(x ln}]_a_u"‘ dxy (2.7
Tim

and after simplification one gets g(#) as

g =f; [g(xu) + Tmﬂ,“ y(xm}] [r-e“EI 1:1. e dxy (2.8)
dl.-. i i
Substituting fe-”--- in (2.8) one gets
g(e) = .r: [E(xl:n} iz (%) d:;.. Q(xlzn}] [&E- nira '”} dxyp (2.9)
From (2.4) and (2.9) by uniqueness theorem
k(xy,8) = e "1n=0); g < @ < xyy < b (2.10)

Since e" 1= be increasing integrable and differentiable function on the interval (a, b) where —o < a <
b <@ with e = 0 and integrating (2.10) over the interval (#,5) on both sides, one gets

1= [ k(xy.0; 0) dxyp.

Hence from (2.10) [k(x;q:6)], =1 reduces to f(x;8) defined in (1.1) which establishes sufficiency of

(2.1}
Remark 2.1
Using ¢(X;.,) derived in (2.3), the f(x, @) given in (1.1) can be determined by
]
- EI-f{an]
M{XI::I\] o *Hi:l}"ﬂ'ml=} {2'1 I]
and pdf is given by
_E 1:0])
Flat) = ~Siem—s (212)

where T(X,.,) is decreasing function for —w € @ < b < w0 with T(b) = 0 such that it satisfies
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M(X10) = 5= [log(T(Xe.))]
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(2.13)

Remark 2.2 The theorem 2.1 for function of first order statistics also holds for random variable X when

=1

Hlustrative Examples

Example. 3.1 Using method described in the remark characterization of negative exponential distribution
through expectation of non constant function of order statistics g(X;.,,) as the uniformly minimum variance
unbiased (UMVU) estimator §(#) and maximum likelihood estimator (MLE) §(#) of g(#) such as uy(8).
mean; i, (8), /" moment; e®, e~¥; Q,(8), p" quantile; F(t), distribution function; F(¢), reliability function;

A(t), hazard rat one gets [$(X;,) — 9(X1.,)] as given below.

H{E} ﬂ{xi:n) ¢[x]:!|} = E(xl'n}
1 1
' m - Ix‘I:rl +1 -; —_—
g (8} l{
HWj:xl:n +1 "n"
o 1ortr=i=1 .,
fr=0L " 5 ;"n Tr=i = 2 M
() i 3 rt rei=1 IR r! poi=1
Hr "I'I- {T—l—l}'xl:" s {T—j __1}':111
G ¥
5 - 1 r s
w(8) = T—pita : ";;{T ez e 1}!1‘::;' :
1 11
1 = - —— = L] — -
2 #umfiz) el o 1
Fl = erlﬂ -E_l:
1 o Iyl
= 1 = Sl
- a2 =¥ (1+n) il [:_1:+n.)_u
g‘:h =g Nyn | Bt
1 ul
Q:m=—lag(luﬂ+x|.q-— i
Qs (8} i l{
05 (8) = — log(1 - P) + Xy =5
1 1 1
=11 —g~t—¥iad |1 — = = - =] g E—=X1a)
) j"(-t}-{l e~t-% Il nl} n[1 nlp -1
F(t) = 1= gt~ Yia) _lg—u—x,_.:
n
1 1 1
=Xl ] = = — 1= =] g lt—Xyal
o) Fioy=e LB n_l 411 uls i
P{,tj =!—LI—X:.]' _.%e'{t—xlil

Defining M(X,..) givenin(2.11) and using T(X;.,) as appeared in (2.13), the pdf (1.1) is characterized

by (2.12).

Example. 3.2 In context of remark 2.2 the pdf f(x,8) defined in (1.1) can be characterized through non

constant functions of random variable X when (n = 1)
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r 8+ 1; fori = 1, Mean,
C rl
Z ———8"%; fori = 2,r"™ raw moment,
F u{r-k}!

e%; fori=3,
g,(8) = 4 e fori = 4,
—log(1 —p) + 6; fori = 5,p™ quantile,
1 — e U9} fori = 6,distribution function at t,

e~ . fori = 7, reliability function at t,

L 1; fori = 8, hazard Function,

by using

r —1;fori=1,Mean,
r=1

rl
== E ——X""k~1. fari= 27" rawmoment,
= = 1
; =n|[1" k ]

- fori =3,
X) - =
—1; fori = 5,p*" quantile,

e t=x). fori = 6,distribution function att,

\ —e %) fori = 7, reliability function at ¢,

and defining M(X) givenin (2.11) and using T(X) as appeared in (2.13), for (2.12).
Mote that as Hazard function for negative exponential distribution being constant it can not characterize
pdf f(x,8) givenin (1.1)
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Abstract

In statistical inference we often encounter the situation, for instant 650 observations of random phenomena observed and one
group of srudents fit normal distriburion whereas other group fits log-normal distribution with almost same p-value. This is
one of cases where characterization results provide navigation tools for carvect direceion for further study (research). One of
the research materials which receives room in both pure (mathematics) and applied (probability) is characterization rules
because thev are boundary points of both. That is why mathematical community as well as probabilists and statisticians
contribute research are of characterizations. Characterization is not concern to academician or researcher only who deals
with foundation and application of probabilistic model building but alse concern to operation research, behavior science,
natural science, decision making process in industrial and engineering problem. For characterization of Pareto distribution
one needs any arbitrary non constant function only by approach of identity of distribution and equality af expectation of
funetion of random variable in place of approaches such as relation (linear) in (economic variation) reported and true
income, independency of switable function of order statistics, mean and the extreme observation of the sample etc. Examples

are given for illustrative purpose.

Keywords: Characterization; Pareto distribution,

Introduction

Economic variation in reported income and true income is
studied by eror-in-variable model and cemain invariance
properties of Pareio law. Income reported and true are important
subject for ruler {government) for revenue generation. The
relation between reported and true (regression) tums out be
linear, repotted by Krishnaji and also he asserted that truncated
reported income (suitably) agrees fo true income in
distribution'. Nagesh asserted that average under-reporting error
fior given reported income is linear function of reported income
if and only if income follows Pareto law”.

Henrick’, Ahsanullah™, Shah® and Dimaki’, used independence
of suitable function of order statistics whereas Srivastava® used
mean and the extreme obsgervation of the sample and
characterized Pareto distribution.

Other attempts were made for characterization of exponential
and related distributions assuming linear relation of conditional
expectation by Beg” and Dallas", characterization of some types
af distributions using recurrence relations between expectations
of function of order statistics by Alli'"' and characterization
resilts on exponential and related distributions by Tat'a.nga:ru
included characterization of Pareto distribution.

This research note characterizes Pareto distribution by using
expectation. Main results of characterization of Pareto
distribution is provided in section 2 with proof and section 3
provides examples for illustrative purpose.

The characterization given in section 2 proves the main results
and section 3 is gives examples for illustrative purpose.

This research let X have Pareto distribution with probability
density function (pdf) as
cd"

F;U{qu{b.r:’ﬂ.
f(x:8)=+ (n

0 atherwise

Where: —o<g<bh<oo are known comstants, x ' is

positive absolutely continuous function and c6 s
everywhere differentiable function. Since the range of derivative

(l,flcﬁ') being negative and since the range is truncated by &
frmnltrt(lfcb‘)=ﬁ.

Characterization

In this more general result of characterization through
expectation is stated by following theorem.
Theorem 2.1 Let X be a continnous random variable {r.v.) with

distribution function F(X), having pdf f(x;6) . Assume
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that p(x) is continuous on the interval (4 p) where
—m<a<bh<eo, Let g(x) be differentiable functions of X
on the interval (a,b) where —s= < a <b <o and more over

g{X) be non constant. Then f (x;8) is the p.d.f. of Pareto
distribution defined in (1) if and only if

E[s(n‘f]"%%g(x)}ﬂﬂ) @
Proof Given f(x;8) defined in (1), if ¢(X) is such that
g(8)= E[ﬁ'{X]] where g (@) is differentiable function
then

()= [#(x)f (x:0)ds

Differentiating with respect o & on both sides of (3) and
replacing X for @ after simplification one pets

#(X)=g(X)-2-g(X)

(3

(4

which establishes necessity of (2). Conversely given (2), let
k(x;8) bethe p.df of rv. X suchthat

g(9) =I[s[-ﬂ—§%g{x]}*[x:ﬂdx

Since b~ =0, the following identity holds

s(0) =<t g (o)

which can be rewritten as

()

(6)

=f

g(8)= —fﬁcig{x}%(?}r[x—]% g(x}dx (M

C
- J}dx (8)
C

Using (5) and (8) by uniqueness theorem it follows that p.d.f. of
rv. X

k(x:6)=co" i("’—_’]

which reduces to

O )

(9)
c

Res. J. Mathematical and Staristical Sci

Since
B =0 is satisfied only when range of X is truncated by
£ from left and integrating (9) on the interval I:E,b:l on hoth
sides, one gets (9) as

b"is increasing function for —s=Sa@<b<ocoand

1=[k(x6)dx

a
and

k[x;g}=_fgfi[£];{]{9-r:.x{b.c::-l} {10y
dxl ¢

=i

d
Substituting E(I_] in (9), k(x;8) reduces to f(x,8)
c

defined in (1) which establishes sufficiency of (2).

Remark 2.1.Using @( X ) derived in (4), the f(x;6) given
in (1) can be determined by

d

= EE[*]
M= -2 i
and pdf is given by
d
—Ttx
f(.r,f?]'—d;[;}] (12)

where T'(x) is decreasing function in the interval (a,b) for
—o<a<b<oo with T(b) such that it satisfies

M(X }=£lﬂg[]"{x}] (13)

Examples

Example 3.1 Using method described in the remark
characterization of Pareto distrdbution through survival function

g(8)=F(1)= [g) is illustrated.

100)=(%)
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w{x1=g(x}—§§g{xm=u

. dx‘g{x} X
)
ﬁ'“ﬂ[ﬂxl]hgwu{x]

Tix}:c;"
d.(1
f(x0)= L _ET[EL:&' for X< 8.
- T(e 1 e
ol

Note that as Harard function for Pareto distribution being

constant it cannot characterize pdf f (x;8) given in (1),

Example 3.2 The pdl

# such as

i.»!11";Jli'tﬂ'.:l:i't.fa_f:ur--i:'=1
c—1

£ @ ;" rowmoment, for—i=2
E=Tr

g[ﬂ]=1 &, for—i=13
e’ for—i=4

8(1-p)"" . p"quantile, for—i =S5

] wdistribution— function, for—i=6

.—"'_-"\

(3

].reimbmry Sunction, for—i=T7

e
-..|;.q

by using

F(x:8) defined in (1) can be
characterized through expectation of non constant functions of

[ﬁ[x]_&“”]:

Res. J. Marhematical and Statistical Sci.

—Lx:mm. for—-i=1
c—1

r ;
—— X" :r'"rowmomeni, for-i=2
c—F

£e"’._far-:'=3
¢

Aigxlﬁrr[-:d
r
—E[l—p]'w , " quantile, for—i=35
e

(%] selistribution — function, for—i=6

—[—-f—] sreliability — function, for—i=7

and defining M(X) givenin (11) and using T(X) as appesred
in (13), for (12).

Conclusion

To characterize pdf given in (1) one needs any arbitrary non
constant function only,
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For characterization of Pareto distribution one needs any arbitrary non constant function only by approach of
identity of distribution and equality of expectation of function of random variable in place of approaches such as
relation (linear) in (economic variation) reported and true income, independency of suitable function of order
statistics, mean and the extreme observation of the sumple etc. Examples are given for illustrative purpose.

Keyword : Characterization; Pareto distribution

Introduction

Certain skew pattern appear in socioeconomic quantities such stock price fluctuation, personal income,
economic variation in reported income and under-reporting error [See, Krishnaji (1970), Nagesh (1974)] have
certain invariant properties for which Pareto distribution foun most duitable. Amongst many other Pareto
distribution used to study skew pattern. Pareto distribution also used to study empiric phenomena such as
occurrence of natural resources, error clustering in communication circuit, size of firm, city, population and
reliability theory.

Independence of suitable function of order statistics was used for characterization of Pareto distribution by
Henrick (1970), Ahsanullah (1973, 1974 ), Shah (1981) and Dimaki (1993) where as Srivastava (1976) used
mean and the extreme observation of the sample.

Other attempts were made for characterization of exponential and related distributions assuming linear
relation of conditional expectation by Beg (1974) and Dallas (1976), characterization of some types of
distributions using recurrence relations between expectations of function of order statistics by Alli (1998) and
characterization results on exponential and related distributions by Tavangar (2010) included characterization
of Pareto distribution.

This research note provides the characterization based on identity of distribution and equality of
expectation of function of order statistics for Pareto distribution with the probability density function (p.d.f).

Corresponding author: Bhatt Milind. B, Department of Statistics, Sardar Patel University, Vallabhvidyanagar-388129, Dist.
Anand, Gujarat, INDIA. E-mail: bhattmilind_b@yahoo.com.
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This research note provides characterization of Pareto distribution with probability density function (pdf)

a2
ey sl x<ooc>0,

flx,8) = { (1.1)
0 ; otherwise,

where — o0 < @ < b < o0 are known constants and (1/x)°*! is positive absolutely continuous function and

cf° is everywhere differentiable function is characterized.

Note that ¢ is income concentration use as measure of inequalities in income distribution and & is
minimum level of income.

The aim of the present research note is to give path braking new characterization for Pareto distribution
defined in (1.1) through expectation of function of order statistics, using identity and equality of expectation.
Characterization theorem provrd in section 2 with method for characterization as remark and section 3 devoted
to applications for illustrative purpose.

Characterization Theorem

Let X, X5, .. X, be a random sample of size n from distribution function f and let X, < X, <
. < Xun be the set of corresponding order statistics. Assume that f is continuous on the interval (a, b)
where —oo<a<b<eoo. Let g(X,,) and ¢(X;,) be be two distinct differentiable and intregrable
functions of first order statistic; X,, on the interval (a,b) where —o<a<bh <o, and moreover
§ g(X,,) benon-constant function of X;. Then

E[g0tin) - (22) 5= 9(tun)] = 96) .. @1

is the necessary and sufficient condition for pdf f of F tobe f(x,8) definedin(1.1).
Proof. Given f(x,8) defined in(1.1), for necessity of (2.1) if ¢(X,,) is suchthat g(@) = E¢(X,,)
where g(8) is differentiable function then using f(Xy.n: #) pdf of first order statistic; Xy, one gets

8(0) = J; ®0trn) F(Xnn, 6) dpp .- (22)
Differentiating (2.2) with respect to 8 on both sides and replacing X, for 8 and simplifying one gets
Pln) = 90in) — (22) 2 g(Ki) . 23)

which establishes necessity of (2.1). Conversely given (2.1), let k{x;.,;8) be the pdf of first order statistic;
X1.n such that

B(0) = [y 0xyn) k(xy 0, 8) diyy .. 24)
Since (ncxMS); (n = 1) is increasing integrable and differentiable function on the interval (a, b) with

(=) = 0 the following identity holds

nechfe

g(8) = — nco™ | [HL {g(xm} (ﬁ)}} | (2.5)

in

1

Differentiating integrand g(x;,,) (—) with respect to x,.,, and simplifying after taking % (;)

ne nE
nexls REXLn
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as one factor one gets (2.5) as

(Xin) +;f&Lj“—"HEI1 n]l = neln" nt:l.(m;‘;}}dx” (2.6)

and substituting derivative of ( “) in (2.6) one gets

L1m

ger=[;

9(8) = Jj dlxs) err dXin @7
where ¢(x,.,) isas derived in (2.3). By uniqueness theorem from (2.4) and (2.7)
k(“i 5T} B] o= %l":': {231

Since (ncxlS); (n = 1) is increasing integrable and differentiable function on the interval (a,b) with

(M:_:) =0 and since (ncx]%) is increasing function for —co <a < b < oo with (F) = 0. is satisfy

only when range of X, is truncated by @ from left and integrating (2.8) on the interval (8,b) on both sides,
one gels
b
L= f kixq.n, 0) dxy.py
8
For n =1, [k(xn 8)]s=; reducesto f(x,8) defined in (1.1). Hence sufficiency of (2.1} is established.
Remark 2.1. Using $(X) given in(2.2) one can determine f(x, 8) by

=2 g(Xs.n)

M(in) = o =500 ol
and pdf is given by
d
f(x,0) = [- E;:;:—”"] ,a<@<x<h ... (2.10)
nml

where T(X) is decreasing function for — < a < b < o with T(b) =0 such that it satisfies
M(Xyq) = E‘:[lngr{xm)], .11

Remark 2.1. The theorem 2.1 for function of firstorder statistics with remark 2.1also holds for random
variable X when (n=1).

3. Examples. Using method describe in remark 2.1 Pareto distribution through expectation of
non-constant function of order statistics is characterized as illustrative example and significant of unified
approach of characterization result,

Eumple 3.1 Characterization of Pareto distribution through the Minimum Variance Unbiased (LIMVL)
estimator e® of ef is given.

= etn (1 im) g,

Using (2.3) one gets
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nc nc

b = g(Xy.n) — Xy, d Xin Xin » Xim
[xl l'lJ g{ 1 ( )dxl H(x'l"n:} _— Exl"' (1 — 2_"1- + (""1_) + {“I'T}z)
and (2.9) of remark 2.1

H"ﬂ(xl u} ne
M (Xpa) = - 2.
$(X1n) — gX;. n] Xh,
with
d 1
dI‘.l:n [IﬂIg (ncxﬁ) i ”G{l:n)
then
1
T(tym) =~ EE:_I
and
Exl I1] ¢EI:
f(x,8) = —l‘%ﬁ“— =F,a{9-{x~:b

Example 3.2 Characterization of Pareto distribution through the uniformly minimum variance unbiased
(UMVU) estimator §(#) and maximum likelihood estimator (MLE) §(8) of g(#) such as u{(#); mean,
4 (8); " moment e®, e~%, Q,(8); p" quantile, F(t); distribution function and F(t); reliability function is
given. For the (UMYVU) estimator

T LI, (O, £, -
#:(6) = ——[1 = =] i for 1 =2

e = ¢ Xun ( ﬂ);fﬂrf=3
§:(8) = 4 Eq=2‘xbn(1+%ci):fari=4

Qp(8) = X1:n(1 - F}'%{l = &];fﬂri =5

Fity=1- (X;:“)rll o ifori=6

. Fo= (xlt:“): [1 - %}:fﬂr:‘ =7

and MLE




gi(8) = 4

L3

One gets

[¢l{“1:n] = ,ﬂg(ﬂn i

and

FHOE

0,(8)
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X fori=1

P == L o f =
[rigz) - r-’f{;,..fﬂl"i: Z

el =gl fori=3

T

g~ = g~ dim, fori=4
-k :
= Xynll = )" fori=5

F)=1- (JﬁTﬂ]c;furi=ﬁ

f{:}s(%)c:fm-m?

Fc-llh'“,farf— 1

(ol
Bl

=1

1_)[l—ﬂl X7 fori=2

- %(l_p}'%h— ElEl;furi =5
%) roriee

)

1

_[1_

n

l(xil.:rl
==

t
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respectively.

r £

S I(Jf:—';]:fori=1

- eri=2

'—ﬁ ori=3
nc f

I[-.;E Xyn

xl__ne =Xy

(i (xy.0) — §i(8)] = T:fﬂri =4

1
Xun(1-p)7F

= fori=>5

1 xl:ncl v
L5 o=

1 {K,:n

Talt

[ =
L = ]:fur::?

Then by defining M(X,.,) given in (2.9) and substituting T(x;.,) as appeared in (2.11) for (2.10),

f(x, 8) is characterized.

Example 3.3 In context of remark 2.2 characterization of Pareto distribution through p" quantile ; ﬁp{ﬂ}

is given.

Therefore

and from (2.3)

and (2.9) of remark 2.1

with

then

3,(6) =61 -p)~¢

9(6) = X(1 - p)¢

Xy d -1 i
000 = g0 - () o0 = (=) 1 -pyex
d
el £
M0 =500 - gm0~ X

e [ )] = M0t

00 = - —

cx
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friym R L chcsh
X, L ﬂﬂ] o ZE+1 L] &

Example 3.4 Using remark 2.2 the pdf f{x, 8)defined in (1.1) can be characterized through non constant
functions of @ suchas

f

PEAY e Bl -
p:1[9}-c_15,fari 1
©(8) =——8"; fori=2
T C=Tr 1

e?, fori=3

9:(8) = - efifori=4

Qp(8)=8(1- p}'%;fari =5

[

F(t) =1~ (g) s for i =6

P{t}=(§) fori="7
by using
r X -
-::fﬂrl—l
S — r;,ﬂ:lri=2
X

e I—
—ijﬂft-:!

Xe—X

[bi(x1.0) — 9:(0)] = ¢  fori=4

X 1
- S0 =p) & fori=5

Er;fﬂri=5
(%)

c

| —(%) ifori=7

Then by defining M(X,.,) given in (2.9) and substituting T(x,;,) as appeared in (2.11) for (2.10),
f(x,8) is characterized.
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ABSTRACT

For the characterization of the power function distribution, one needs any arbitrary non constant function only in place
of independence of suitable function of order statistics, linear relation of conditional expectation, recurrence relations
between expectations of function of order statistics, distributional properties of exponential distribution, record valves,
lower record statistics, product of order statistics and Lorenz curve, etc. available in the literature. The goal of this re-
search is not to give a different path-breaking approach for the characterization of power function distribution through
the expectation of non constant function of random variable and provide a method to characterize the power function
distribution as remark. Examples are given for the illustrative purpose.

Keywords: Characterization; Power Function Distribution

1. Introduction

Several characterizations of power function distribution
have been made notably by Fisz [1], Basu [2], Govin-
darajule [3] and Dallas [4] using independence of
suitable function of order statistics and distributional pro-
perties of transformation of exponential variable,

Other attempts were made for the characterization of ex-
ponential and related distributions assuming linear rela-
tion of conditional expectation by Beg [5], characteriza-
tion based on record valves by Nagraja [6], characteriza-
tion of some types of distributions using recurrence rela-
tions between expectations of function of order statistics
by Alli [7], characterization results on exponential and
related distributions by Tavangar [8], and characteriza-
tion continuous distributions through lower record statis-
tics by Faizan [9] included the characterization of power
function distribution.

Direct characterization for power function distribution
has been given in Arslan [10] who used the product of
order statistics [contraction is a particular case of product
of order statistics which has interesting applications such
s in economic modeling and reliability see Alamatsaz

“This work is supporied by UGC Major Research Project Mo: F.No,
42-3W201 (SR}, dated 12-3-2013.
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[11], Kotz [12] and Alzaid [13]] where as Moothathu [14]
used Lorenz curve. [Graph of fraction of total income
owned by lowest p” fraction of the population is Lorenz
curve of distribution of income [15].

This research note provides the characterization based
on identity of distribution and equality of expectation of
function of random variable for power-function distribu-
tion with the probability density function (p.d.f.)

f(x:6)

B acx<@<b@=k" k>0,c>0 (1.1
0; otherwise

where —c<a<b<w are known constants, x*' is
positive absolutely continuous function and cf# is
everywhere differentiable function. Since derivative of
+“/c being positive and since range is truncated by £
from right (a/c)=0.

The aim of the present research note is to give the new
characterization through the expectation of function ¢(x)
for the power function distribution. Examples are given
for the illustrative purpose.

(5
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2. Characterization

Theorem 2.1 Let X be a random variable with distribution
function F. Assume that F is continuous on the interval,
(a,h) where —o<a<h<w. Let ¢(x) and g(X)

be two distinct differentiable and integrable functions of
X on the interval (a,b) where ~x<a<b<e= and
moreover g(X) be non constant. Then f(x;8) is the
p-d.f. of power function distribution defined in (1.1) if
and only if

Ele)+ L Le]-20 @

Proof Given f(x;8) defined in (1.1), if ¢(x) is
such that g(8)=E¢(X) where g(8) is differenti-
able function then

2(6)= [ #(x)f (xi6)ax

Differentiating (2.2) with respect to & on both sides
and replacing X for & and simplifying one gets

#(x) = 2(3)+ 2 g (x)

which establishes necessity of (2.1}, Conversely given
(2.1}, let k(x;0) be such that

g(@)= E[g[:}+ %%g[r)}l (x:8)dx (24)

Since (afc)=0 the following identity holds:

- l&sel<)e

Differentiating integrand of (2.5) and tacking i{x‘,l’r:]
a5 one factor one gets (2.5) as

£(8) = E'ﬁ[x}{cﬂ"' %[%J}d’

where #(x) is function of X derived in (2.3). From
(2.4) and (2.6) by uniqueness theorem

ilzﬂl—éi[f]

Since x‘fc is decreasing function with (a*/c)=0

and since #=K"' K >0, integrating (2.7) on both sides
one gets

(2:2)

(2.3)

(2.5)

(2.6)

2.7

1= [k (x6)x

%[x‘fc} in (2.7), k(x:6) reduces to

(2.8)

Substituting

Open Access

f(x:8) defined in (1.1), which establishes sufficiency
of (2.1}

Mote: Author does not claim the relations between
and g in the preceding analysis.

Remark 2.1 Using ¢(x) derived in (2.3), f(x#)
given in (1.1) can be determined by
p 4 g(x) i
K= 350 '
and p.d.f is given by
g)= i”{ﬂ 2.10
f(x8)= U{E} (2.10)

where U/(X) is increasing function in the interval
[a,b} for ~wsa<bsm with U(a)=0 such that it

satisfies

M{X}=%lﬁgb’[}:’}

3. Nlustrative Examples

Example 1 Using method described in the remark char-
acterization of power function distribution through sur-

1
vival function quantile; @, (€)= p*@ is illustrated.
g(x)=p"x

#(1)=g(x)+ g (x) = xp"

d
wf) o
M= 50000 "X
g )£ - m(x)
X‘
U[.t]= =
4 u(x) ig]
160
=l x x= 8

Example 2 The p.d.f. f(x;#) defined in (1.1) can be
characterized through non constant functions of &
such as
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—&,mean

& r™ raw-moment

’F : p™quantile

s.{ﬁ')“[

] ; distribution-function

ﬂ:ilﬂ

1-[i] :reliability-function

[%]

hazard-function

by using

[#(X)-a(%)]= %P""’:p‘qumﬁh
-{ %T idistribution-function

[:-;7] sreliability-function

EGii

and defining M (X) given in (2.9) and using U(X)

as appeared in (2.11) for (2.10).

4. Conclusion

To characterize the p.d.f. defined in (1.1), one needs any
arbitrary non constant function of X which should be

differentiable and integrable only.
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Abstract Independence of suitable function of arder
statistics, linear relation of conditional expectation,
recurrence rélations between expectations of function of
order statistics, distributional properties of exponential
distribution, record walves, lower record statistics,
product of order statistics and Lorenz curve etc.. are
various approaches available in the literature for the
characterization of the power function distribution. In
this research note different path breaking approach
for the characterization of power function distribution
through the expectation of function of order statistics is
given and provides a method to characterize the
power function distribution which needs any
arbitrary non constant function only.

Keywords Characterization, Power function distri-
bution , Probability Density Function.

1 Introduction

Wotable attempt to characterized Power function
distribution through independence of suitable function
of order statistics and distributional properties of trans-
formation of exponential are Basu [1], Govindarajulu
|2], Desu [3] and Dallas [4] where as of exponential
and related distributions assuming linear relation of
conditional expectation by Beg [5], characterization
based on record values by Nagraja [6], characterization
of some types of distributions using recurrence relations
between expectations of function of order statistics by
Alli [7], characterization results on exponential and
related distributions by Tavangar 8] and characteriza-
tion of continuous distributions through lower record
statistics by Faizan [9] included the characterization of
power function distribution as special case.

Direct characterization for power function distribu-
tion has been given in Fisz [10] who use independence
properties of order statistics where as Arslan [11] used
product of order statistie. [contraction is a particular

case of product of order statistics which has interesting
pplications such as in economic modeling and reliability
see Alamatsaz [12], Kotz [13] and Alzaid [14] | where as
Moothathu [15] used Lorens curve. [Graph of fraction
of total income owned by lowest pth fraction of the
population is Lorenz curve of distribution of income
of distribution of income.|| See. Kendall and Stuart [16]].

This research note provides the characterization based
on identity of distribution and equality of expectation of
function of order statistics for power-function distribu-
tion with the probability density function (p.d.f.)

=l gcrecdchli=k"lk>0c>0,
fl=0) =
0, otherwise,

(1)

where —oo < o < b < oo are known constants, o1
is positive absolutely continuous function and (§)° is
everywhere differentiable function. Since derivative of
z=~1 being positive and since range is truncated by &
from right for f(z;#) defined in (1.1), & =0

The aim of the present research note is to give the
new characterization through the expectation of fune-
tion of order statistics, using identity and equality of
expectation. Characterization theorem derived in sec-
tion 2 with method for characterization as remark and
section 3 devoted to applications for illustrative purpose.

2 Characterization theorem

Theorem
Let Xy, X3.,Xn be a random sample of size n from
distribution function F. Let Xy, < X300 < Xnn be
the set of corresponding order statistics. Assume that
F iz continuous on the interval (a,b) where —sc < 0 <
b < oo. Let g{Xn:n) and ¢{Xn:n) be be two distinet
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differentiable and intregrable functions of n** order
statistic; Xu.n on the interval (o, b) where —sc <a < b < 20
and moreover g( Xas) be non-constant function of Xnmn.
Then

E ot Xnm) + (222

P Xns n}] = g}, (2)

P> o=

is the necessary and sufficient condition for pdf f{x;@)
of F to be f{z:#) defined in (1).

Proof

Given f{r;#) defined in (1), for necessity of (2) if
#{Xnm) I8 such that g(8) = El#(Xnm)] where g{#) is
differentiable function then using f(ra.:8); pdf of nth
order statistic one gets,

ﬂ'w}=[¢5{Eﬂ!u”i=nm:ﬂ}drnm- [3}

Differentiating (3) with respect to # on both sides and
replacing Xn.. for 8, and simplifying one gets

'ﬁl:xnnj==gﬂx“nj+{xmn) g{}:,.f_.,,],

d
T - (4)

which establishes necessity of (2). Conversely given (2),
let h':-:nmia] be the p-d-f- D{ p‘df of nth order statistic
such that

a{f) = [utxu )+ (#"‘ o —glzn: )]
; fq (5)

{Truin; drnem,

Since {+£—)"is decreasing integrable and differentiable
function on the interval (a,b) with (2" = 0, the following
identity holds

(3l

Differentiating integrand g(sn:n)( =2 )" with respect

t0 zq,n and simplifying after taking Eﬁ-:(f%ﬂ}ﬂ AS one
factor one gets (6) as

olzn: n:(’“ 8)"|dzam.

= 2T + _?}" S
g(f) [ﬂ[{ ) i (%"
=)

'[{EF .ﬁ,.,,l{

P Xnm ]'] [?}

]dz.m
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Substituting derivative of (Z2=)" in (7) one gets (7)
ASs

}d:ﬂ - {8)

9l#) = f dlanin)(grz=n

where ¢(Xuy) 8 as derived in (4).
theorem from (5) and (8)

By unigueness

kzam,d) = '[:M "r_l)- (%)

wtﬂﬂ.

is decreasing integrable and differen-
tiable fuu-:tmn on the interval (a,) with (2)® = 0 and
since ()" is decreasing function for —coc <a<b< oo
and (2)" = 0 is satisfy only when range of zn. is
truneated by # from right and integrating (9) on the
interval (e,8) on both sides, one gets

i
f f K(Z s )i (10)
a

For n = 1, in {1{]}. [k[sﬂ{l‘l;ﬂ}]ﬂ.-[ !'El:ilIDEEI to I{ILEJ
defined in (1). Hence sufficiency of (2) is established.

Remark 2.1

Uﬁtnﬁ M Knen) derived in {4}| the Sz 8) E'W‘Eﬂ in “'}
can be determined by

g;gg—ﬂxn:ﬂ}
= ——— e 11
M Fnw) #HXnm) — gl Xa:nl) (1)
and pdf is given by
T T(Xnen)
Flx:0) = [——u—n o (12)
where T(Xnm) is increasing function for

- < a < b < oo with T{a} = 0 such that it satis-
fies

M (Xnom) = 55— log [T(Xnm)]. (13)

Remark 2.2
The thearem 2.1 for function of ' order statistics

with remark 2.1 also holds for random variable X when
n =1 {see Bhatt [17]).

e — =
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3 Illustrative Examples
Examples

Using method describe in remark 2.1 power function
distribution through expectation of non-constant func-
tion of order statistics is characterized for illustrative

example and significant of unified approach of charac-
terization result.

Example 3.1 Characterization of power function
distribution through the Minimum Variance Unbiased
(UMVU) estimator 87 of @ is given.

F = (14 =) Xhn = gl Xnin)

Using (4) one gets

B Xnin) = (1 + :ﬂ;}zr;m

and (11} of remark 2.1 will be

T 9(Xnm) ne

M) ) — Pl s
with
‘ P (F22)" = M(Xnin),
then
T(Xnn) = (Z22)"
and
fl:0) = [4"‘3‘?"‘"%]“__1 ==ttt

Example 3.2 Characterization of power function
distribution through the uniformly minimum variance
unbiased (UMVU) estimator §¢) and maximum like-
lihood estimator (MLE) 38 of g(d) such as mean;
wy (#), tth moment; pu.(8), ¢, e~?, p'* quantile; Qp(@),
distribution function; F{¢); reliability function; F{e),
hazard rate; A{¢) is given. The UMVU estimator

#) = 4

50 = (c+ &) Xaps
ur () = (o+ &) Fas
o= [1 + Zam]eXun;

i) = (14 L)%
Fo=(1-2) (&)’
-‘=‘w===1-(1-#)tx:—.:r:

30 =-[n((x)" -]

fn-1 +n(xm]'"l

and MLE

e e X
.I-l1fﬂ - + l-xﬂ:ﬂ-

fori=4,

-?'-':ln-

for i = 10,

e (8) =

;i' = pNum,
for i = 10,

——

!—ﬂ = G_XHIH

for i = 10,

g = 1 :p_gxn-_n;

for i =13,

Qpl8) =

o= ()"
for i = 14,

Fo=1-(2=)5

i)

one gets

{%} {:ﬁ)a:for i=T.

for i = 15,

for i = 16,

Page NO. k9

fori=1,
fori=2,
fori =3,
fori=4,
fori=§,
fori=§,

fori=";




{#i( X ) -5 (8)] =

[#i{Xnn) = Hl#)] = 5

- ()T

respectively.

Mathematics and Statistics 3(6): 146-150, 2015

{l:+f} 1'.!".“ ﬁ‘:ri‘l—l

ncle 4+ 1)’
( £+ l}n;::“ dori=2,
[l+—+ x‘”‘]
[ 14
x”:“ex"'";ﬁur i=3
Koin _L_ll
ne ne

hexn:nifﬂr i=4d

mi

ﬂ‘i::;ﬁin —} for i =5,

1
==
[1_-] Hﬂ

“for i = 6,
e

fm'i:'i'..

e

.[na—l-{n+1:|[-—}]
( )(xﬂ") vfor i =18,

Xnm i=
e
Xin o for i = 10,
ale+r) '
xn:newxnm - fori= 111
LI 4
_xnmz-xu.u 3 for i = 121
e
<=3k
XnmP™* : fori= 13,
o
__{Xnn} A O

i( xim}"; for i = 15,

6. ; for i = 16,
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Then by defining M{Xn.») given in (11) and substi-
tuting T{Xn-n) as appeared in (13) for (12), f(x; ) is
characterized.

Example 3.3 In context of remark 2.2 characterization
of power function distribution through hazard rate; A(9)
is given.

£

Fld

Alf) =
Therefore

##)
~fxis
and from (4)

(%) = g(X) + (£) Featx) = ﬁ%%i_ﬁv

and (11) of remark 2.1 will be

(LX)
M(X) = Gy = £

with

fX)=
1

e tog [X] = m(x)
then
T(X) =X

d

Example 3.4 Using remark 2.2 the pdf f(r;8) defined
in (1) can be characterized through non constant
functions of # such as

= #: meanfor i = 9,
c+1

£ 0, P rowmomentlor i = 10,
chr

el for i = 10,

e for i = 10,

gild) =13 p 6. quantitefor i = 13,

(5)7 distribution functionfor i = 14,

| B2 {%}c:re!iubiﬁiyﬁ]r i = 15,

5[”: dor i = 16,

| 1-(%)




150 Characterization of Power Funetion Distribution through Expectation of Function of Order Statistics

by using
X ifori=09,
c41
EX” . fort = 10,
e+r
XX i fori=11,
[ -]
—%s_x for i = 12,
XP™3 . pori =18,
(il X) - gi(X] = {
_{%}E; for i = 14,
() fori =15,
%{i’}z « for i = 16,
[1-(%)7]

defining M(X) given in (11) and substituting T{X) as
appeared in (13) for (12), f(x:9) is characterized.
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Abstract

For characterization of uniform distribution one needs any arbitrary non constant function enly in place of approgches
such as independence of sample mean and variance, correlation of minimum and maximum in a random sample of size two,
moment conditions, inequality of Chernaff, available in the literature. Path breaking different approach based on identity of
distribution and equality of expectation of function of random variable was used in characterizing uniform distribution
through expectation of non constant function of random variable with examples for illustrative purpose.

Keywords: Characterization, distribution, correlation, expectation, variable.

Introduction

Characterizations was independently develop in  different
branches of applied probability and pure mathematics.
Characterizations theorem are located on borderline between
probability theory and mathematical statistics. It is of general
interest to mathematical community, to probabilists and
statistician as well a8 to researchers and practitioner industrial
engineering and operation research and various scientist
specializing in natural and behavior science, in particular those
who are interested in foundation and application of probabilistic
model building'.

Geary’ stated that given sample of size ®2 2 independent
observations come from some distribution on the line then
sample mean and variance are independent is the necessary and
sufficient condition for to be from normally distribution. The
need of some regularity condition for Geary's characterization
of normal distfibution have been removed by successive
refinement’, Similar characterization for uniform distribution
by Kent' asserted that if m2>2 iid random angels from
distribution defined by density on cirele, sample mean direction
gnd resultant length are independent if and only if angels come
from uniform distribution.

Various approaches for charactenzation of uniform distribution
are available in the literature. It is well known that minimum
and maximum in a random sample of size two are positively
correlate and coefficient of correlation is less or equal to ong
half. Bnrtoujm’si;i" proposed that a result of this type might
exist in connection with a problem in cell division, Since the
two daughter cells cannot always be distinguished later, the
times till their further division can only be recorded as the
earlier event and the later event. The correlation between these
ordered pairs thus may provide the only information on the
independence of the two events. Terreel® showed that the
coefficient of correlation is one half if and only if random

sample comes from rectangular distribution. Terreel's proof is
computational nature and use properties of Legendre
polynomial. Lopez-Bldzquez’ gave ease proof for Terreel's
characterization and obtained shaper bound on the coefficient of
correlation,

Uniform distribution £A0.1) is neatly characterized by two
moment conditions: E[Max(X,, 3’:}]*1: and E(X{) -% by
Lin®, Using two suitable moments of order statistics Too (1989)
characterize uniform and exponential distribution™". Huang'"
studied density estimation by wavelet-based reproducing kernels
and further doing error unatzs.ils for bias reduction in a spline-
ased multi resolution, Chow"’ (1999) studied a-fold convolution
modulo one and characterize uniform distribution on interval
Zero to one,

Inequality of Chernoff'™"™ assent that” if X is normally
distributed with mean 0 and variance 1 and if g is absolutely
continuous and g(X) thas finite varance, then”
El{g (X)F] = ¥[g(x)] and equality holds if and only g(X) is
linear. Chemoff grnwd this result using Hermite polynomials
where as Chris” proved inequality of Chernoff by using
Cauchy- Schwarz inequality and Fubini's theorem. Sumirita
{1990) studied ChermofT-type inequalities for distributions on [-
1,1] having symmetric unimodal densities and gave
characterization of uniform distributions by inequalities of
chemoff-type.

This research note provides characterization of uniform
distribution with probability density function (pdf)

[:;l.-r.x-:n--:b:.
flx,9) =
0; otherwise.

(L1}
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where — oS @< b < are known constants and (1/8) is
everywhere differentiable function. Since range is truncated by
# from right @ = 0.

The characterization of uniform distdbution through expectation
of function, @(X) in section 2 and section 3 is for illustrative
examples.

Characterization Theorem: Let X be a random variable with
distribution function F. Assume that F is coatinuous on the
interval[a, B], where— eo = a < b = oo, Let @(X) and g(X) be
two distinet differentiable and intregrable functions of X on
the interval [e, ] where— w < 4 < b= w, Then

Efg() + X5600) | = 5.

is the necessary and sufficient condition for pdf f(x.8) of F
1o be fF(x,8) defined in (1.1).

{2.1)

Proof. Given f(x, @) defined in (1.1), for necessity of (2.1) if
¢{X) is such that g(8) =E[¢(X)] where g(8) is
differentiable function then

9(9) = [ ¢(x) f(x, 8) dx (2.2)
Differentiating with respect to 8 on both sides of (2.1) and
replacing X for & and after simplification
$0) = g(¥) + X000 @.3)
which establishes necessity of (2.1). Conversely given (2.1); let
k(x, ) be pdf of r.v. X such that

98 = f? [nfx] + x&ﬂfﬂ] k(x,8) dx. 24)
Since (1/8) is decreasing on the interval (a,8) where
— 2= g < b= = {ollowing identity holds :

a® =, 7 [ %860 ax. 2.5
Differentiating integrand of (2.5) one gets

8@ = [ [t + r:;y(r}]%dz. (2.6)
And (2.6) will be

g = f: ﬁx}%d:r 20

where @(x) is function of X derived in (2.3). From (2.4) and
(2.7) by uniqueness theorem

k(x,6) =3 (2.8)
Since (1/8) is decreasing on the interval (a,f) where
—z=g<b=x and since a =0 integrating (2.8) on both
sides one gets

1= [7 k(x.6)dx. (2.9)

Res, J. Mathematical and Statistical Sci.

Hence k{x,8) derived in (2.8) reduces to f(x, &) defined in
(1.1), which establishes sufficiency of (2.1).

Remark 2.1. Using @{X) derived in (2.3), the f(x,8) given in
(1.1) can be determined by

M) = X

(2.10)
R = @lX)

and pdf is given by

i)

oy (2.11)

f(x, 8) =
where T(X) is increasing function for —cSa<b<x with
T{a) = 0 such that it satisfies

M(X) = 5 [logiT(X)}

Applications
Example-1; Using method described in the remark
characterization of uniform distribution through p™ quantile
@, (&) = épis illustrated.
g(8) =8p
8x)=Xp ;
@(X) = g(X)+ X g(X) = 2Xp
a1
’:m ﬁmull'.-l'] X
Eﬂ“‘!m- =3 NX)
TX)=X
fx, §) = OO 1

T L]

(2.12)

Example-2: Using method described in  the remark
characterization of uniform distribution through p™ quantile
e~? is illustrated.

g(@) =e*
gx) —a¥
$(X) = g+ X900 = (1= X Je~ ¥
d
==
5 [log(X). = 3 = M(X)
T(X) =X
d "
P(x,i] = % E

Example-3: The pdf  f(x, @) defined in (1.I) can be
characterized through non constant function such as
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Abstract

For characterization of uniform disiribution one needs any arbitrary non constant function only in place of approaches such
as identical distributions, abselute continuity, constancy of regression of order statistics, continuity and linear regression of
order statistics, non-degeneracy etc. available in the [fteratire. Recently Bhan characterized negative exponential
distriburion through expectation of non constart function of random variable, Antempt is made to extend the characterization
of negative exponential distriburion through expectation af any arbitrary non constant function of order statistics,

Keyword: Characterization; Uniform distribution. MSC 2010 Subject Clasification : 62E10

Introduction

Characterizations theorem are located on borderline between
probability theory and mathematical statistics. It is of general
interest to mathematical community, to probabilists and
statistician as well as to researchers and practitioner industrial
engineering and operation research and various scientist
specializing in natural and behavior science, in particular those
who are interested in foundation and application of probabilistic
maodel building, (see basic book on characterizations by Lukacs
and Laha' and the more advance comprehensive mathematical
tools (entirely toward normal distribution) see kagan, Linnik
and Rao®).

Various approaches for characterization of uniform distribution
are available in the literature. It is well known that smaller and
the larger of a random sample of size two are positively
comelate and coefficient of correlation is less or equal to one
half. Bartoszyn'ski’ proposed that a result of this type might
exist in connection with a problem in cell division. Since the
two daughter cells cannot always be

This work is supported by UGC Major Research Project No:
F.No.42-39/2013 (SR), dated 12-3-2013. Distinguished later,
the times till their further division can only be recorded as the
earlier event and the later event, The commelation between these
ordered pairs thus may provide the only information on the
independence of the two events. Terreel' showed that the
coefficient of correlation is one half if and only if random
sample comes from rectangular distribution. Temeel's proof is
computational nature and use properties of Legendre
polynomial. Lopez —Bldzquez® gave ease proof for Terreel’s
characterization and obtained shaper bound on the coefficient
of correlation.

Geary" stated that given sample of size n = 2 independent
observations come from some distribution on the line then
sample mean and variance are independent if and only if
observations are normally distributed. The need of some
regularity condition for Geary’s characterization of normal
distribution have been removed by successive refinement (see
kagan, Linnik and Rao’ page. 103). Similar characterization for
uniform distribution by Kent' asserted that if n=2 iid
random angels from distribution defined by density on circle,
sample mean direction and resultant length are independent if
and only if angels come from uniform distribution.

Uniform- distribution 10,1} is neally characterized by two
moment conditions: E[Max(X,, X;)] = 2/3 and E(XI) = 1/3
by Lin®. Using two suitable moments of order statistics Too®
characterize uniform and exponential distribution. Other
coniributions  concerning use of property of maximal
correlation coefficient between order statistics, of :'d-cniis:all;
distributed spacings etc [see Stapleton'”, Amold", Driscoll",
Shimizu", Abdelhamid"].

Huang"” studied density estimation by wavelet-based
reproducing kernels and further doing ermor analysis for bias
reduction in a spline-ased multi resolution, Chow'®
characterized uniform distribution L80,1) via moments of n-
fold convolution modulo one.

Inequality of Chernoff'™'® assert that if X is normally
distributed with mean 0 and variance | and if g is absolutely
continuous and g(X) has finite variance, then E[{g'(X)}] =
V[g(x)] and equality holds if and only g(X) is linear. Chernoff
proved this result using Hermite polynomials where as Chris'®
proved inequality of Chemoff by Uﬁniu Cauchy- Schwarz
inequality and Fubini's theorem. Sumrita™ studied Chernofl-
type inequalities for distributions on [-1,1] having symmetric
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unimodal densities and gave characterization of uniform
distributions by inequalities of chernoff-type.

Using identity and equoality of expectation of function of
order statistics, this research note provides path breaking
new characterization of uniform distribution with probability
density function (pdf)

2 ra<r<B<h
fix,@) = b1y

0 ; otherwise.

whzm—MSE{bsmmknuw:nnslanlsandG:]is

everywhere differentiable function. Since range is truncated by
# from right a = 0.

The aim of the present research note is to give a new
characterization through expectation of function of order
statistics, @(.) for uniform distribution. The characterization
theorem given in section 2 and section 3 is devoted to
applications for illustrative purpose.
Characterization
Theorem: Let X,, X, ... , X, be a random sample of size n from
distribution function F. Let Xy < Xz < . < X, be the
corresponding set of order statistics. Assume that F is
continuous on the interval (@, b), where —w = a < b = o Let
P(Xpn) and g(X,,) be two distinct differentiable and
intregrable functions of n** order statistic; X,.,, on the interval
{a.h), where — o < a < b < = and moreover g(X,,.,) be non-
constant of X,,,. Then

)
E[gtnn) + (22) =g 0Xnn) | = 0 .2
is the necessary and sufficient condition for pdf f(x, 8) of F to
be f(x,#) defined in(1).

Proof : Given f(x,8) defined in (1), for necessity of (2) if
P{X,n) is such that g(f) = E[#(X,,)] where g{ﬂ] is
differentiable function then using f(x,... 8): pdf of n™ order
statistics one gets

g(0) = [ 00xnn) f(Xpn: 0) dXpn &)
Differentiating with respect to # on both sides of (2.2),
replacing X, for & and simplifying the result one gets
P Xnn) = 8(Xnp) + (1... “) Fl:xn n) (4)

which establishes necessity of (2). Conversely given (2), let
k(%0 &) be such that

Res. J. Marhematical and Statistical Sci.
g(8) = [ [oCtnm) + (222) 2= 9K | ltn 8) dn, ()
Since (1/x,,)"is decressing integrable and differentiable

function on the interval {a.b) with a® = 0 the following identity
holds.

glg) = (%)TI .r: [l"-":.-n '[-‘-T:nﬂ(xrt:ﬁ}]] d¥nn (6)

Differentiating  {x7.9(x;5)] with respect 0 x,, and
simplifying (6) after taking { —¥n: ,,} as one factor, one gets
(6) as

glg) =

I [ytxml +

ﬁ"_f"’“g( )| {{,)

and substituting derivative uf

—{xq. n}] dXp (M

xn,.mlzﬁ}ﬂnesﬂsmﬂ

g(@) = !: P{xnn) {ﬂ( ) Xnn I}dxn:n (8)
where ¢ (X, ) is derived in (4).

By unigueness theorem from (5) and (8)

kCenn, 8) = (3) xpa @

Since (1/¥y,)"is decreasing increasing integrable and
differentiable function on the interval (a.b) where —o < a <
b < @ and since [2—xf1,] is positive intregrable function on
the interval (@, b) where —=<ag < b <= with @™ = 0 and
integrating (9) over the interval (a,8) on both sides, one gets
(9) as

k(. 0) =(§}“%xﬁ.,;a{rmnfiﬁ{b (10)

and
1= [ k(xnni ©) dXnn. (n

The equation (10}, [k(xyq; 8], = 1 reduces to f(x; §) defined in
(1) which establishes sufficiency of (2).

Remark 2.1 Denoting
d
H-f‘.xll.'ﬂ:}
et
MEna) = G otun)- 0w 4

one can determine f(x, ) given in (1) as
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d
fx, 0) = [ﬁiﬁ'—"”] (13)

where T(X,.,) is decreasing function for — < a<b= =
with T(a) = 0 such that it satisfies

M(Xnn) = g [108(T(Xnn))]. (14)

Remark. 2.2 The theorem 2.1 for function of n® order statistics
also holds for function of random variable X when (n = 1).

Examples

Examples: Consider the uniformly minimum variance unbiased
estimator, 8" of 6",

IXyn) = (jH r)x;n =0

Oknn) = 9Kna) + (‘*:'T’) S g0 = (145 X

Rex. J. Marhematical and Statistical Sci.,

TogdWmn) _ n

MXnn) = Sl 30nm)  Tam
_{mﬁ{xn n}] e il M(xn n}
T(Xpn) = x50

o “’_{I:III T(Xnnl} 4
flx,8) = { T } =8

Examples: Using the uniformly minimum variance unbiased
(UMVU) estimator §(8) and maximum likelihood estimator
(MLE) §(8) of g{8) such as mean; 8, " moment; 87, %, %,
pu' quantile; Qp(@), distribution function; F(t), reliability
function; F(t), hazard rate; A(t), one gets [¢(X ) — g(Xp0)]
as given below

m(8) =221+ 1 a1 ]
1, (8) — x“
@) = == [ 3 ]
' H_:m - ;%[11- E] n{r+l}[1+ .,]
1y (8) e :
i (8) =S i 7
Kiyn | e :
af ef = [1+ = efnn .I'Tex__“ [1+ HJ;-E+ :—LI
ol = glns Inn o un
o E_:15=[1"'x;—m]g‘xn.-n l'n-'n _xh'[ﬁ—--— 1]
g8 = g~ Xnn E x"Tﬂ ein
F,(0) = |1+ 2| X T
am | PPl ake [+ )
OP[E} = XpnP (J:&)p
B = [ 22) - = "n;zl =
F(t) e _( t" )Nnm ( t )km
- )
t m—1 ==
F© Bty ) )
F=1-5 e
A(t) AR =X,“ == tll & n(Knn — l‘}l nEt-Xnm)
0 = n:x:n —1

substituting T(X,..) as app:a.md in (14) for (13).
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Examples: In context of remark
The pdf f{x, 8) defined in (1) can be characterized through non
constanl function such as

i %;fﬂf i=1 Mean,

m ifor i =2, r™ raw moment,

e?:for =3,
e P for i=4,
g,(8) = {
Bp; for i =5, p™ quantile,
éifﬂr i = 6, distribution function att,

1-%ifor i =7, Relibility att,

L 1 —% ; for i =8, Hazard function,
and by using
|¢|[—x} El(x]] =

_fpr i=1,Mean,

—_—" i for i = 2, r*™® raw moment,

r+i
xe*: for i =3,
—xe *;for i=4,
xp; for i =5, pth quantile,
~ Z;for i = 6, distribution Function at t,

Lifor i =7, Relibility Function att,

: for i = 8, Hazard Function,

ST t}*'

and defining M(X) given in (12} and substituting T(X) as
appeared in (14) for (13).

Conclusion

To characterize pdf given in (12) one needs any arbitrary non
constant function only.
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Abstract

Normally the mass of a root has a uniform distribution but some have different uniform distribu-
tions named Generalized Uniform Distribution (GUD). The characterization result based on ex-
pectation of function of random variable has been obtained for generalized uniform distribution.
Applications are given for illustrative purpose including a special case of uniform distribution.

Keywords
Characterization, Generalized Uniform Distribution (GUD)

1. Introduction

Mormally the mass of a root has a uniform distribution, Plant develops into the reproductive phase of growth; a
mat of smaller roots grows near the surface to a depth of approximately 1/6-th of maximum depth achieve (see
G. Ooms and K. L. Moore [1]). Dixit [2] studied the problem of efficient estimation of parameters of a uniform
distribution in the presence of outliers. He assumed that a set of random variables X, X,.---,.X, represents the
masses of roots where out of p-random variables some of these roots (say &) have different masses; therefore,
those masses have different uniform distributions with unknown parameters and these & observations are distri-
buted with Generalize Uniform Distribution (GUD) with probability density function (pdf)

a+l
—x": ag>-lasx<f=ha=0
£(0)={ "

0; otherwise,

(1.1}

where —m<a<h<o are known constants; X* is positive absolutely continuous function and (1/6)"" is
everywhere differentiable function. Since derivative of X" being positive, range is truncated by & from

right a=0.
Dixt [3] obtained Maximum Likelihood Estimator (MLE) and the Uniformly Minimum Variance (UMVLU)

How to cite this paper: Bhatt, M.B. {2014) Characterization of Generalized Uniform Distribution through Expectation. Open

lournal of Statistics, 4, 563-569. hittp.//dx.dol.ore/10.4236/0{5.2014.48052
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estimator of reliability functional, P[.X >¥] in the same setup and showed that the UMVUE is better than
MLE when one parameter of GUD is known, where as both parameters of the GUD are unknown, F[X > l']
is estimated by using mixture estimate and is consistent.

In this paper the problem of characterization of GUD with pdf given in (1.1) has been studied and the charac-
terization also holds for uniform distribution on interval (a,6) when & =0. Various approaches were used to
characterize uniform distribution; few of them have used coefficient of correlation of smaller and the larger of a
random sample of size two; Bartoszyn'ski [4], Terreel [5], Lopez-Bldzquez [6] as Kent [7], have used indepen-
dence of sample mean and variance; Lin [§], Too [9), Amold [ 10], Driscoll [ 1 1], Shimizu [12], and Abdelhamid
| 13] have used moment conditions, #-fold convolution modulo one and inequalities of Chemoff-type were also
used (see Chow | 14) and Sumrita [ 15]).

In contrast to all above brief research background and application of characterization of member of Pearson
family, this research does not provide unified approach to characterized generalized uniform.

The aim of the present research note is to give a path breaking new characterization for generalized uniform
distribution through expectation of function of random variable, @#(.X') using identity and equality of expecta-
tion of function of random variable, Characterization theorem was derived in Section 2 with method for charac-
terization as remark and Section 3 devoted to applications for illustrative purpose including special case of uni-
form distribution.

2. Characterization

Theorem 2.1. Let X be a continuous random variable (rv) with distribution function F{I} having pdf
f(x:#). Assume that F(X) is continuous on the interval (g,b), where ~x<a<bsx, Let g(X) bea
differentiable functions of X on the interval (a,b), where —s<a<bh<= and more over g(X) be non-
constant. Then ' (x:6) is the pdf of Generalize Uniform Distribution (GUD) defined in (1.1} if and only if

E[E{X}+[$]ﬁg{.¥}], 2n

Proof: Given f(x;6) defined in (1.1), if $(X) is such that g(8)=E[#(X)] where g(@) is diffe-
rentiable function then

2(6) = [#(x) f (x:6)dx. 22)
Differentiating with respect to & on both sides of (2.2) and replacing X for & after simplification one gets
X d
#{X'.'=s(ﬂ+[m]a—s(x]- (2.3)
which establishes necessity of (2.1). Conversely given (2.1), let k(x;&) be the pdf of rv X such that
¢ X Yd )
g{H}—![g{k’]+[m]ﬁg{ﬁ']}k(1,ﬂ}¢:. (2.4)
Since a =0, the following identity holds
a+1\f| d |[ =
= — x 1.5
o0~ 2 eo] @9
+| &
Differentiating [%}g[:] with respect to x and simplifying after tacking %[: 11J as one factor one
(73 -
gets (2.5) as
& ﬁ I
= _a+l | d a+ljdf ™ d 9§
S’[E] ‘E g{:}"' i[raa-l] dx-E{x} {[&!“]dt‘[aﬁ'l}} = { y l}
drl @+1
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Substituting derivative of (x**'/@+1) in(2.6) it reduces to
£(0)= o[ St o e e
where ¢(X) is derived in (2.3) and by uniqueness theorem from (2.4) and (2.7)
k(x ﬂ]-‘iﬂ s (2.8)

Since (1/a)" is decreasing function for -x<a<bh<ew and "' =0 is satisfy only when range of X is
truncated by @ from right and integrating (2.8) on the interval (a.#) on both sides, one gets k(x;#) de-
rived in (2.8) as

a+l

k[r,ﬂ]—emx‘* a>-l,a<x<@<h as=, (2.9)

1 =Tk[x;&}dx

Hence k(x;6) derived in (2.9) reduces to f(x;@) defined in (1.1) which establishes sufficiency of (2.1).
Remark 2.1. Using ¢(X) derived in (2.3),the f(x:0) givenin (1.1) can be determined by

d
—g(X)
M = (2.10)
M= 5x-(m)
and pdf is given by
—T[X]
fxf)= T‘[S] 2:.11)
where 7'(.X) isincreasing function for —w<a<b<o with T(a)=0 such that it satisfies
d
M(X)= H[|.;.¢g'm|;.1r]||]. (2.12)
Remark 2.2, If @ =0 characterization theorem 2.1 also holds for uniform distribution with pdf
I pa—
f{-‘?'ﬁ'}‘—'lg‘ asx<8<bha=0 2.13)
0;  otherwise,

3. Examples

Using method describe in remark 2.1 Generalize Uniform Distribution (GUD) through expectation of non-con-
stant function of random variable such as mean, " raw moment, &, ¢®, p™ quantile, distribution func-
tion, reliability function and hazard function is given to illustrate application and significant of unified approach
of characterization result (2.1) of theorem 2.1.

Example 3.1. Characterization of Generalize Uniform Distribution (GUD) through hazard function

g(0)= (%—l][?}l‘i
2n

therefore
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-
—_
=
—

]

From (2.3) one gets ¢(X) as

{ex+ 1)t 2 i
#{X]=s[f}+[ﬁ]ﬁg{x]=_¢n]l_
[l-r[%} }
and using (2.10) of remark 2.1 the
4
M(X)= HE{X:I _|+H_

#(X)-g(X) X
By characterization method deseribe in remark 2.1, if
[ X
dy 8 a+l

]mm

then

Xﬂrl

T[.Y}: a+l

and substituting T'(X) as appeared in (2.12) for (2.11),
d

—-T(x)
dr a+l
8= = T
is characterized.
Example 3.2, The characterization of f(x:#) defined in (2.1) through non constant function such as
EHIE; for { =1, mean,
@+
a—”ﬂ" fori=2, r" moment,
a+r+l
e’; fori=3,
et fori=4,
ap; for i=35, p™ quantile,
sl
g,{-ﬂ]m[t_;] . for i = 6, distribution fi ion, (3.1)
a=]
I—[é] . fori=7, reliability function,
[a+| .
—-; for i =8, hazard function.
[
o
(5
and using
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'E%‘ for i =1, mean,
a:{;l : for i =2, ¥™ moment,
X
‘r‘l fori=3,
&+
¥
—%: fori=4,
2™ for i =5, p* quantile
[#(X)-2(X)]={ a1’ S G ¢2)
-+
_[ﬂ : for 1= 6, distribution function,
T+l
[ﬂ . for i = 7, reliability function,
{“‘”}[:}J
2 =; fori=8, hazard function.
x? [%J -t}

and defining M (X) given in (2.10) and substituting T(X) as appeared in (2.12) for (2.11), f(x@) is
characterized,
Example 3.3. In context of remark 2.2 uniform distribution with pdf given in (2.13) characterized through

p" quantile
£(8)=0,(8)=0p
therefore
g(X)=4Xp.
From (2.3) one gets ¢(X) as
$(0)=2(X)+ X8 (X)=21p

and using (2. 10) of remark 2.1 the

i.E[X] |
$(X)-g(0) X
By characterization method describe in remark 2.1, if

d
B =
o sl ]

M(X)=

%=H[X]
then

T(X)=X

d

ET{I] =“I_
T(6) @

Example 3.3. The pdf (x:#) defined in (2.13) can be characterized through non-constant function such as

f(x8)=
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E; for { =1, mean,

2

i: for i =2, »* moment,

r+l

] for i =3,

e fori=4d,

g(0)=18p; fori=5, p* quantile,

é; for i = 6, distribution function,

'":,?1 for i = 7, reliability function,

ﬁ; for =8, hazard funetion.

and using
-'E-; for i =1, mean,
A : fori=2, ¥ moment,
r+l
Xe'; fori=3,
-Xe': fori=4,
(4 (X)-&(X)]=1Xp: for i =35, p* quantile,

r:%; for i = 6, distribution function,
%; for i =7, reliability function,
- —; for i =8, hazard function.
| (X -1)

and defining M (X) given in (2.10) and substituting T(X) as appeared in (2.12) for (2.11), f(x@) is
characterized.

4. Conclusion

To characterize pdf defined in (1.1) one needs any arbitrary non-constant function of X which should be diffe-
rentiable and integrable only.
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Abstract Normally the mass of a oot has a uniform distribution but some of have different uniform distribution named
generalized uniform distribution (GUD), The characterization result based on expectation of function of order statistics has
been obtained for peneralized uniform distribution. Applications are given for illustrative purpose.

Keywords Generalize Uniform Distribution, Uniform Distribution, Probability Density Function

1 Introduction

Plant develops into the reproductive phase of growth, a mat of smaller roots grows near the surface to a depth of ap-
proximately (})*™ of maximum depth achieve [See G. Ooms and K. L. Moore [1]]. Dixit [2] studied problem of efficient
estimation of parameters of a uniform distribution in the presence of outliers. He assumed that a set of random variables
X, X3,, X, represents the masses of roots where out of n random variables some of these roots (say k) have different
masses therefore, those masses have different uniform distribution with unknown parameters and these k observations are
distributed with Generalize Uniform Distribution (GUD) with probability density function (pdf}

-5'5-’;::“: a<r<f<ba>-la=0,
fla:8) = (1

0, otherwise,

where —o0 < a < b < 50 are known constants, = is positive absolutely continuous function and ( 5 )", ince derivative of
**1 and since range is truncated by # from left a = 0. Dixt [3] obiained Maximum Likelihood Estimator (MLE) and the
Uniformly Minimum Variance (UMVU) estimator of reliability functional; P| X > Y| hat the UMVUE is better than MLE
when one parameter of GUD is known, where as both parameters of the GUD are unknown, PlX > ¥ | estimated by using
mixture estimate and is consistent.

In this paper characterizing property of GUD with pdf given in (1) has been studied which also holds for uniform dis-
tribution on interval (0, #) when & = 0 in (1). Varicus approaches used to characterize uniform distribution, few of them
have used coefficient of correlation of smaller and the larger of a random sample of size two, Bartoszyn'ski [4], Terreel [3],
Lopez -Bldzguez [6] were as Kent [7], has used independence of sample mean and variance, Lin [8], Too [9], Ameold [10],
Diriscoll [11], Shimizu [12] Abdelhamid [13] have used moment conditions, n-fold convolution modulo one and inequalities
of chemnofl-type also used see Chow [14] and Sumrita [15].

In contrast to all above brief research background and application of characterization of member of Pearson family, this
research not provide unified approach to characterize generalize uniform distribution.

The aim of the present research note is to give path breaking new characterization for generalize uniform distribution
through expectation of function of order statistics, using identity and equality of expectation. Characterization theorem de-
rived in section 2 with method for characterization as remark and section 3 devoted 1o applications for illustrative purpose
including special case of uniform distribution,
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2 Characterization theorem Page NO. & Cf

Theorem

Let Xy, X, , X,, be a random sample of size n from distribution function F. Let X1, < X3, ... < Xy be the set of
corresponding order statistics Assume that F is continuous on the interval (a,b) where —oo < a < b < oo, Let g{ Xnm ) and
B Xy ) be be two distinct differentiable and intregrable functions of n®™® order statistic: X, on the interval (a,b) where
—oo < o< b < oo and moreover g{ X,,..) be non-constant function of X,.... Then

E[0(Xum) + (75225 ) 9 Xon)]| = 9(6), @
is the necessary and sufficient condition for pdf f(x; @) of F 1o be f{z; #) defined in (1).

Proof
Given f(x; #) defined in (1), for necessity of (2) if ${X..n ) is such that g(#) = E[¢$(X .. )| where g(#) is differentiable
function then using f{X...; #); pdf of n*" order statistic one gets,

H{H) = /ﬂ '#{Iu:njf{mn:n: ﬂ}d{ﬂ“;n- (3)
7]
Differentiating (2) with respect to # on both sides and replacing X, for #, and simplifying one geis
| Tin d
Blanen) = glamn) + (22 1]) T 9(znn), (@)
which establishes necessity of (2). Conversely given (2), let k{X,.: #) be the p.d.f. of pdf of n'"™ order statistic such that
tehufﬂ[{- (Il o 4oz |k(znn; B)dz (5)
qv = . B Lnm [:ﬂ+ 1 d:l!'nn wiint) | Bl i s it
Since a = (0, the following identity holds
1 r d
900) = gy f [ “ y{::..,-_nllz:['::"'”']dm ®)
Differentiating integeand (2., )xno T with respect to ..., and simplifying after taking I—__,—-—.I:"[':”'”I as one factor
one gets (6)
Iﬁtfﬂl da
g(f) = f g(Knm) + e 9(Xnin)
a [ ( Hd;—x L }) ﬂ!‘l.‘!‘l [.”
x 4 1 d o]
- (T gy ™ Az
Substituting derivative of T ' (7) one gets (7) as
+1
E'] = f Tnn > "[B+1] dzn.-n.r {E}
| glana) (G ens™)
where ¢(X.,..,} is as derived in (4), By uniqueness theorem from (5) and (8)
Ry = 2 L aata ), (9)

go+l Tnin

Since -L is decreasing function for —o0 < o < b < oo and a® = 0 is satisfy only when range of .y, is truncated by #
from right nmi integrating (f) on the interval (a, &) on both sides, one gets (B) as

1=/ * Mowni Oz (10)
For n = 1, [k{zy.n;8)|u=1 reduces to f{z;8) deﬁn:d in (1), Hence sufficiency of (2} establishes.
Remark 2.1
Using @ X ... ) derived in (4), the f{=; #) given in (1) can be determined by

d
ol mg{x-um] li
M(Xnn) = & Xnm) — g(Xnn)) C

and pdf is given by
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& T xn:n
fl:z:ﬂ} X [H"T_'Exflﬂ} }:|11=lt flz}
where T X,....) is increasing function for —oo < a < b <2 oo with T'(a) = 0 such that it satisfies
M{xn:n} - ""E_ lUgT{Xn:ﬂ]'- (13)

dxn:n

Examples

Using method describe in remark generalize uniform distribution (GUDY) through expectation of non-constant function of
order statistics such as mean, rth raw moment, ¢* =" , pth quantile, distribution function, reliability function and hazard
function is given to illustrate application and significant of unified approach of characterization result.

Examples 3.1 Characterization of generalize uniform distribution (GUD) through Uniformly Minimum Variance Unbi-
ased Estimator (UMVUE}; A(£) of A(t) the hazard function is given to illustrate application and significant of unified approach
of characterization result

g Xnn) = —T—II(P _t;:n) [tﬂﬂj{i:“,, +nla+ 1)] = Alt). (14)

Using (4) one gets

Bwa) = gltnn) + (222) 25 (o)

nfe + 1)
_ _uaf2aX5, +nla+1)
S ta( nit® — X2 .)3 a3
uﬂx:.'n{‘n _X::“j )
n? o+ 1)t — X2 )2
and (11) of remark 2.1 will be
d
= Xnn) o+ 1
M{Xnn) = e = ' 16)
) = )~ Tl Xam (
By characterizing method given in remark 2.1
nlo+L)y _ a4l =
dx’“m lOE[xn:-n } a xr;;ﬂ, e Ml:xﬂ:ﬂ}l '“?}
then
T{Xam) = X0+, (18)
and
ﬁ:T[In:n} a4+l
Jﬂ,I:g} = [WL‘:I — Fﬁf (19

Examples 3.2 Characterization of generalize uniform distribution (GUD) through Uniformly Minimum Variance Unbi-
ased Estimator (UMVUE);, 7 of §7 is given to illustrate application and significant of unified approach of characterization
result

na+atr o, s
EEX“:“} - ﬂ(ﬂ+ n+r}Xn'.n =0, (20}

Using (4) one gets

¢‘|:I!1:r1} = yl:a:n:n] -y (Eﬁ%) dJ‘.ng{Im“j

- (o +n 4 r)"
T nfad Dlat+r+1)

2n

Xiim

and repeating (16) to (19), (1) is characterized.
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Examples 3.3 Using the uniformly mlmmum variance unbiased I{UH‘-"'I.J'} estimator §(f) and maximum likelihood esti-
mator (MLE) §(#) of g(#) such as mean; 4,(8), rth moment; u(6), e, e~?, pth quantile; Q,(8), distribution function; F/(f);
reliability function; F(t), hazard rate; A(t), GUD characterized to Lllumte application and significant of unified approach of
characterization result. The UMVYU estimators

and MLE

one gets

']

Fﬁé.} = %:Fl]-r_‘xﬂ:n'r! fori= 1.,
r(8) = ey X i fori=2,
e = [1+m]r""-'; fori =3,
e = [1- fame T fori =4,
@{EJ=F# [14— E-[ajrﬁ]x“:n; fori=3,
- a+l
Foy=[1-1](x) : fori =6,
= o+l
Poy=1-[1-3(z) - fori=1,
| ) = [1 - Eth | iferi=8,
i a+1
Ll:ﬂ} + ZX“ FI-I
fori=9
i a1 .
e (6) (a+r+1) ™™
fori= 10,
& = eFom,
fori= 10
a0 = g~ Xnm
fori= 10,
= 4
Qpld) g
fori=13
£ o+1
Fit) = (Xrl'n) :
fori= 14
=y t o+l
fori=15
= (@ + 1)t
Alt) = Xkl o’
L fori=

{22)

(23}
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[0 X ) — 2ul8)] = ¢

o+ 1o+ 2)

where

A= [n'«‘ (to+1 - x::,‘)g] S [(a F1texe,
((n+ 1)ttt — (n - nx,r:m)]

and

Page NO. 7/

na+n+1l
xl’l'.ﬂi

r[:ru'z = L = f] -
nla+1)(a+r+1)" ™™
fori=2,

xﬂ.:l‘l
n{a+1)

ﬂtn:n
nfa+1)

1 i,
nlo + IJ]F3 '

fori=3,

xn_;ﬂ 2 X,.:n
[(r.l.l:r.t-lr 1]) " nla+1)
XI'I::I'I
{nla+1))?

(24)
] g~ Xmnfori=4,

X PEHT 1
nfo+ 1) nle+1)

]:fnri=5,

) e

A= 3l() ™ e

A;fori=§,
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" Page NO. 75
s ifori=9,
ﬂ—u{&‘"f’;”; ¢ fori=10,
%—:l—}ex" mcfori=11,
_%e-m--n fori=12,
(66 Xnum) — F(8)] = < % fori= 13, (25)

_i( t )“+1;fwi=14,

{a + 1> X535

A(XEET — o) 1= 16

respectively,

Then by defining M{X...) given in (11) and substituting 7'( X...) as appeared in (13) for (12), f(=x;#) given in (1)is
characterized.

Examples 3.4 In context of remark 2.2 uniform distribution on interval (0, &) with pdf given in (15) characterized through
(UMW) estimator;

§(wn) = [1- 1] (222) = , @6)

of @, the p*" quantile is given to illustrate application and significant of unified approach of characterization result given in
remark 2.2,
For'ee = (), using (4) one gets

X)) =9 Xon) + [:X:ﬂ) ri.':.,:“ﬂxﬂmj

{ik 27N
=p(1+5) Xan
and for o = 0, (11} will be
af—g‘{ nn n
M{Xnm .z (28)
Xaa) = ) ~ o))
By characterizing method given in remark 2.2 for f{z; #) given in (15) fnrn:zﬂ,mgﬂs
d
X 108(X0) = 5— = M(Xawm), (29)
then
T{Xam) = X5 (30}
and
flz: ) = m] -l 1)
o on) dia &
given in (15) characterized.
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Examples 3.5

211
Page I'M'it:).:}‘;,t

Using method given in remark 2.2 for f{x; #) givenin (15), characterized thmugh (UMW) estimator g(#) and maximum

likelihood estimator (MLE) 3(#) of g(#) such as mean; 4, (#), rth moment; s, (#),

, &~%, pth quantile; Q(#), distribution

function; ¥(t); reliability function; F(t), hazard rate; A(t). The UMVU estimators

s

(@) = ¢

and MLE

one gels

Ki8) = 1+ 4] Xg

W) = [1+ B

- F{l + :T.] Knini

0=~ 2](x)
=11~ 2)(x5)

non

3 = x= 1 - worde=n]

et

ef =e¥rm ifori=11,

—

THT

| Me)= A

j p;{9)=5ﬂ.;fmi=9.
2
=
4 = B8 . forj= 10,
jie (9) satil

e~f = g Xnm ;fori=12,
Q@p(B) = pXpn + fori=13,
"i’t =

P[} Xﬂ.:ll

= L sfori=16,

sfori=1,
ifori=2,
;fori=3,
ifori=4,
(32)
fori=3,
;fori=6,
yfori=7,
fori=8,
(33)

Fity=1- (5—) ifori=15,
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' [1+ﬂ%;rwi=1.

[1+ ﬂ nfi’i} fori=2,

[#4(Xnin) = Gil8)] = § ifori=4, (34)
xu:up-

T

u";,l(xim) : fori =,
n—zl(x:m

l+i ;fori=3,
[1+5]

);fori:?.

"

(02t~ Xu)®) ™
Knm(t+ﬂ-t
+Xnin = nX,h.,L)J fori=8,

i xn'.rl.
n

rX
n{r-+1})

ifori=9,

sfori= 10,

xﬂ:ﬂ fx" =
n

fori=11,

_%B—J{}... hort=12,

i n:m - g{f)] = 35
0K <3O =1 Ko (9)

/!

_%(X::n) ifori=14,

i(ﬁ) =1,

Xﬁ-:ﬂ

_ﬂ—-——{xnm ~ t}ii sfori= 16,

\

respectively.
Then using characterizing method descibed in remark 2.2, for ¢ = 0 define M(X,,.,) given in (11) and substituting
T X ) as appeared in (13) for (12), f(z: ) is characterized.
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Characterization of one-truncation parameter family of
distributions through expectation

Bhatt Milind. B
Department of Statistics, Sordar Patel University, Vollobh Vidyonagor - 588120, Anand, Gujoarat, India.

Abstract., For characterization of one (left or right)-truncation parameter families of distributions
{which includes notably negative exponential distribution, Pareto distribution, power function distribu-
tion, uniform distribution and generalized uniform distribution as special case) one needs any arbitrary
non-constant function only in place of various approaches such as identical distributions, absolute con-
tinuity, constancy of regression of order statistics, continuity and linear regression of order statistics,
non-degeneracy available in the literature. Path breaking different approsch for characterization of gen-
eral setup of one-truncation parameter family of distributions through expectation of any arbitrary non
constant differentiable function of random variable is obtained. Applications and examples are given for
illustrative purpose.

1. Introduction
One-truncation parameter family of distributions with probability density function (pdf)

3 (8)hy(x)
Jilzi#) = (1)

0, otherwise,

where —co € a < b < ooareknownconstant, a < @ <z <bhforj=1,a<e<f <hforj=2
hy: (j = 1,2) are positive absolutely continuous functions, g;;(j = 1,2) are everywhere differentiable func-
tions is characterized.

Since hi(.);(j = 1 or 2) is positive and the range is truncated by truncation parameter & from left or
right respectively g7 '(b) = g3 '(a) = 0.

Using identity of distribution and equality of expectation of function of function, characterization for
general set up of one (left or right)-truncation parameter family of distributions defined in (1) through
expectation of any arbitrary non-constant differentiable function is given which includes characterization
of negative exponential distribution, Pareto distribution as special case of f;(x;#) where as power function
distribution, uniform distribution, generalize uniform distribution as special case of fa(z;d).

Keywords, characterization, truncation parameter families of distributions, negative exponential distribution, Pareto dis-
tribution, power function distribution, uniform distribution, generalized uniform distribution
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Several characterizations of these distributions by various approaches are available in the literature. No-
tably for power function distribution independence of suitable function of order statistics and distributional
properties of transformation of exponential variable used by Fisz (1958), Basu (19656), Govindarajulu (1966)
and Dallas (1976), linear relation of conditional expectation used by Beg and Kirmani (1974), recurrence
relations between expectations of function of order statistics used by Ali and Khan (1998), record valves
used by Nagraja (1977), lower record statistics used by Faizan and Khan (2011), product of order statistics
used by Arslan (2011) and Lorenz curve used by Moothathu (1986) are available in the literature.

Other approaches such as coefficient of correlation of order statistics of sample of size two used by Bar-
toszynski (1980), Terrel (1983), Fernando and Rebollo (1997), maximal correlation coefficient between order
statistics of identically distributed spacings efc. [used by Stapleton (1963), Amneld and Meeden (1976),
Driscoll (1978), Shimizu and Huang (1983), Abdelhamid (1985)], moment conditions used by Lin (1988},
Too and Lin (1989), moments of n-fold convolution modulo one used by Chow and Huang (1999), inequali-
ties of chernoff-type used by Sumitra and Subir (1990) for characterization of uniform distribution.

Various approaches were used for characterization of negative exponential distribution. Amongst many
other Fisz (1958), Tanis (1964), Rogers (1963) and Ferguson (1967) used properties of identical distri-
butions, absclute continuity, constant regression of adjacent order statistics, Ferguson (1964, 1965) and
Crawford (1966), used linear regression of adjacent order statistics of random, independent and non degen-
erate random variables, Nagaraja (1977, 1988) used linear regression of two adjacent record values were as
Khan et al. (2008) used difference of two conditional expectations, conditioned on a non-adjacent order
statistics to characterized negative exponential distribution.

Economic variation in reported income and true income used by Krishnaji (1970), Nagesh et al (1974),
independence of suitable function of order statistics used by Malik (1970), Ahsanullah and Kabir (1974),
Shah and Kabe (1981) and Dimaki and Xekalaki (1993), mean and the extreme observation of the sample
used by Srivastava (1965), linear relation of conditional expectation used by Beg and Kirmani (1974), Dal-
las {1976), recurrence relations between expectations of function of order statistics used by Ali and Khan
{1998), exponential and related distributions used by Tavangar and Asadi (2010), for characterization of
Pareto distribution.

Necessary and sufficient conditions for pdf f{z; 8) to be f;(;8), (j = 1 or 2), defined in (1) is established
in section 2. Section 3 is devoted for applications where as section 4 is devoted to examples for illustrative
plrpose.

2. Characterization theorem

Let X be a random variable (r.v) with distribution function F'. Assume that F' is continuous on the
interval {m,b), where —o0 < a < b < oo. Let g(X) be a non-constant differentiable function of X on the
interval (a,b), where —oc < a < b < oo and more over g(X) be non constant. Then f{z;8) is f;(z;#), pdf
defined in (1) if and only if

Hg(X)

| =90 (@)

EMM+

where M{X) is finite function.
Proof. Given f;(x:#) defined in (1), for necessity of (2) if ¢(X) is such that g{#) = E[g(X)] where g(#)
is differentiable function then
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P 8(z) i (z; B)dzfori = 1
i (3)

1f ¢(x) fal: 0)dz forj = 2,
Differentiating with respect to # on hoth sides of (3) and replacing X for #, and denoting finite function

M(X) = & [lng (477 {x;u)]. (4)

and simplifying one gets

Feg(X)
i;r{x] ‘ (5)

which establishes the necessity of (2). Conversely given (2) let ky(z;8),j = 1,2 be pdf of r.v X such that

S X) = g(X) +

Jo d(x)ks (z; B)dx forj =1
g(8) = 6
f: lz)ka(z; 0)dz forj = 2
Since g; ' (b) = g3 '(a) = 0 the following identity holds.
—qi(8) J': iﬁy{z]q;‘[m]]dx forj=1
9(f) = &

aa(0) Jj [£9(x)e (x)|dwforj = 2

Differentiating the integrand of (7) g(z)q; '(z), (j = 1,2) and taking fq; " (x) as one factor one gets

J2 #42) | - @ (0) o @) dzfori =1
alé) = (8)
J2 6@ [@a(6) ez () dxfors = 2,
where ¢{ X) is a function of X derived in (5) for j = 1,2. From (6) and (8) by uniqueness theorem
~qu(8)La; (z)forji =1
q2(8) goaz ' (z) forj = 2.

Since ¢; is increasing function of  with g (b} = 0 and gz is decreasing function of 8 with g;'(a) = 0
integrating (%) on both sides one gets

[ i k(@ @)dzforj =1
l= (10)

[y kalz;8)dz forj = 2.
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and denoting

hy(e) = (-1 47 (o), (1)

one gets (10) as

{ qi(8)hj{z)
ky(z;8) = (12)
0, otherwise,

Hence k;(x;#) reduces to f;(z;8) defined in (1) which establishes sufficiency of (2).

Remark. Using ¢{X) given in (5) one can determine f;(x;#) by
d
_ FxelX)
MX)= g% = o0 49
and pdf is given by

.a‘?xq"‘ £)
filz:8) ={-1F_qj=+ﬁ}_‘ (14)

where ¢; ' (z) is decreasing function for —00 < a < b < oo with q;'(b} =0 for j = 1 and g; ' () is
increasing function for —oo < a < b < oo with g; ' (a) = 0 for j = 2 such that it satisfies (4) for j = 1,2.

3. Special cases, characterizations of various distributions
As special cases of the characterization theorem following distributions are characterized.

(A) Characterization of negative exponential distribution with pdf

exp—{z—0) a<f<a<h
falz:8) = (15)
0, otherwise,
The sufficient condition in characterization theorem being
i
E[g(X) - £59(X)] = 9(6) (16)
where g(#) is non-constant function. From (13) M{X) turns out as -1 and hence using (4)
M(X) = 7 [10g (47 00))] = -1 = 47 (X) = exp(-X), (17)

which is decreasing function on wm*_:a{bgmmt.hqj“{b}=Dthereﬁ:m—m5u{&:z{b£m
and by using (11)

hyiz) = exp(—X). (18)




Page NO. %1

Milind Bhatt / ProbStat Forum, Volume 08, January 2015, Pages 3§-44 38

Substituting these values in (1) for j=1, fi(x:#) reduces to fa(z;8) defined in (15). Thus negative expo-
nential distribution is characterized.

(B) Characterization of Pareto distribution with pdf

-:I;f;;: acfcx<h
falz: 8) (19)
0, otherwise,
The sufficient condition in characterization theorem being
X d
E[g(X) - = 259(X)] = 9(0) (20)
where g(#) is non-constant function. From (13) M{X) turns out as —¢/X and hence using (4)
— = 1
M(x) = 2= [1og (7 (0)] = -2 = 470 = =, (21)

whichiadecremingfunctinnm-m‘_:n{bﬂmwithq;'ib}=ﬂthereﬁ)ra ~-m<a<chl<z<b<oo
and by using (11)

1

h_‘f{x] XE+]'

(22)

Substituting these values in (1) for j=1, fi(x; #) reduees to fi(x;#) defined in (19). Thus Pareto distri-
bution is characterized.

(C) Characterization of power funetion distribution with pdf

ezl gzl b,
Jelz: 8) (23)
0, otherwise.
" The sufficient condition in characterization theorem being
E[g(x) + £ 2(X)] = 9(0) (24)
where g(#) is non-constant function. From (13) M(X) turns out as ¢/X and hence using (4)
_d -1 X = x“
MX) = —[log (X)) = = = g7 (X) = (25)
which is inereasing function on —oo < a < b < oo with q_,‘{a]l 0 therefore —o <a <z <f<b<o
and by using {11)
hi(X) = X+, (26)

Substituting these values in (1) for j = 2, fa(2:8) reduces to fo(x:#) defined in (23). Thus power func-
tion distribution is characterized.
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(D) Characterization of uniform distribution with pdf

} a<z<f<bh
Jalz:8) = (27)

0, otherwise

The sufficient condition in characterization theorem being

d
E[9(X) + X 229(X)| = 9(0) (28)
where g(#) is non-constant function. From (13) M(X) turns out as 1/X and hence using (4)
2(x) = & [10g (7' (0))] = L > g7 ) = x, (20)
which is increasing function on —oc < a < b < oo with q;‘l[u}=l}thmfom —soCa<r<lchbson
and by using (11)
hy(z) = 1. (30)

Substituting these values in (1) for j = 2, fa(r;#) reduces to fg(x;#) defined in (27). Thus uniform
distribution is characterized.

(E) Characterization of generalized uniform distribution with pdf

j'.'—,".'plrz“ a<e<@<h
folz:8) = (31)

0, otherwise.

The sufficient condition in characterization theorem being

E[stxl ¥ 1ﬂ.mh’i}] =g(®) (32)
where g{#) is non-constant function. From (13) M{X) turns out as 5_# and hence using (4)

xn:-l-!l
a+1'

M(X) = 7 [1og (¢700)] = 5 = g0 = (33)

whin:hiﬁlnnmaﬂingfum:t-innun-oc--=_‘:a-c:bﬂmn&thq;t[n}=0therefﬂre—m£a{1{ﬂ{b£m
and by using (11)

hy(z) = X°. (34)

Substituting these values in (1) for § = 2, fa{z;#) reduces to fg(x;#) defined in (31). Thus uniform
distribution is characterized.
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4. Examples

Let ¢y{X) = X and E[X] = g(8) , i = 1,2,3,4,5 where

[ 550, fori=1,
5; for i =2,

i), fori=3,

#+1; fori=4d,

i [F}

;_Li-ﬂ; fori==5,

be means and let

—logil—p)+ X - 1;

=1X(1-p)7%

(X)) = ¢ e
= AR X
i(*)‘-‘[ 1

~ =X

be such that E[¢:(X)] = gi(#) where

for i = 8,
fori=",
fori=8,
fori=19,

for i = 10,

for i = 11,

for i = 12,

fori= 13,

, Pages 34-44

Page NO.3 3

(35)

(36)
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[ fipt; for i = 6,
B fori=",
fp=rT; for i =8,
—log{l-p)+8; fori=9,
#(1-p)~*; for i = 10,
ailf) = 4 (37)
B ; for i = 11,
£] -1
{Tl—_ij: for i = 12,

[;_%f:lr; Iori=13,

is pth quantile for i = 6,7,8,9,10 and is hagard function for i = 11,12,13.

Using (13) we get

+i fori=1,611,

Z‘-I!"r b b=2, 7,12

o a1 =
_ _awelX) ) = fori=3, 8,13 -
M(X) = Z) —o(%) ~ 38)
S _lll fm‘i-=41 g'«

~g: fori=5,10.

Since ¢ '(X) is decreasing function for —oo < a < b < co with g;'(b) =0 for j =1 and g; '(X) is
increasing function for —00 < e < b < oo with g; ' (a) = 0 for j = 2, using (4) in (38) it follows that

'3 L

fori=1,6,11andj=2,

X; fori=2,7,12 and j = 2,
e i= 1 dj=12
Fon=3 Bri  BISHSBERI=A (39)

exp[—X); fori=4,9 8ndj=1,

-4 fori=5 10andj=1,
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and by using (11) one gets

[ o1 fori=1,6,11 and j = 2,
1; fori=27 12,8a8d}=2,
d = fori=3,8, 13, and j = 2,
hy(z) = t—]-}jﬁq;'{::] = o ] (40}
exp(—x); fori=4,9 andj=1,
it for i =5, 10 and j = 1.

Using method deseribed in the remark the pdf f;{z,#) defined in (1) ean be characterized through ex-
pectation of a function of random variable; E[6:(X)] = gi(); § = 1.2,...,13 non constant functions by
substituting M(X) defined in (13) and using q; '(X) as appear in (4) and using (11) for {14) as follows :

M(X)= | hj{X)=
il | | (-
A9(X)

filz,8) =
g(8)h; () =
(-1p A
a7 (6]
exp —(r — #);
Jfa(z.8) = a<f@<zr<bh
0, otherwise.
pdf of negative exponential
distribution

g; ' (X)
5 M(X) =

3 e log (47 (X))

exp(—x) exp(—x)

.
P eants falz,8) = a=f@<e<h,
0, otherwise.
pdf of Pareto distribution
BT,
fslz,0) = a<z=H<h
0, otherwise.
pdf of power function
distribution

Hin
o

H |
s,

211611 -1

213,712

L
B
-

e
_il’a{x,ﬁj={ a<z<@<b
0, otherwise.
pdf of uniform
distribution
Bz
Flz.8) = a<c<f<b,
0, otherwise.
pdf of generalize uniform
distribution

’ i i
23,813 atl i 2ot
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Characterization of One-Truncation Parameter Family of
Distributions Through Expectation of Function of Order Statistics
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Abstract. For characterization of one (left or right)-truncation parameter families of distributions
one needs any arbitrary non-constant function of order statistics only in place of various alternative ap-
proaches available in the literature. Path breaking different approach for characterization of general setup
of one-truncation parameter family of distributions through expectation of any arbitrary non constant
differentiable lunction of order statistics is obtained. Applications and examples are given for illustrative
PUrpose.

1. Introduction

One-truneation parameter family of distributions with probability density function (pdf)
[ ( @(®)hi(z); forj=la<b<z<b
0, otherwise,

JfJ{I'iﬂ} -8 l:'lj
{ ga(BVhs(z); forj=2a<z<f<b

0, otherwise,

where —oo < a < b<ocareknown constant, a < @ <a<bforj=l,a<z <P <bforj=2,
hy; (7 = 1,2) are positive absolutely continuous functions, g;; (§ = 1,2) are everywhere differentiable func-
thons is characterized.

Since h;(.);(j = 1 or 2) is positive and the range is truncated by truncation parameter # from left or
right respectively ¢; ' (b) = g3 *(a) = 0. Through out the paper q;’{.] is reciprocal of gq;{.).

Most powerful application of characterizations of distribution is to address a fundamental problem of
identification of an appropriate model that can describe the real situation which generate the observations.
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For instant 60 observations of random phenomena observed and one group of student fit normal distribu-
tion where other group fit log-normal distribution with almost same p-value. This is one of case where
characterization results provide navigation tools for correct direction of further study (research). Therefore
characterizations of distribution is of general interest to mathematical community, to probabilists and statis-
ticians as well as to researchers and practitioner industrial engineering and operation research and various
scientist specializing in natural and behavior science, in particular those who are interested in foundation
and application of probabilistic model building. Motivated by such future in this paper, identity of distri-
bution and equality of expectation is used to, characterized (left or right)-truncation parameter family of
distributions defined in (1) through expectation of any arbitrary non-constant differentiable function of order
statistics which includes characterization of negative exponential distribution, Pareto distribution as special
case of fi{zr:#) where as power function distribution, uniform distribution, generalize uniform distribution
as special case of fa(xr; @).

Several characterizations of these distributions by various approaches are available in the literature. No-
tably for power function distribution independence of suitable function of order statistics and distributional
properties of transformation of exponential variable used by Fisz (1958), Basu (1965), Govindarajulu (1966)
and Dallas (1976), linear relation of conditional expectation used by Beg and Kirmani(1974), recurrence
relations between expectations of function of order statistics used by Alli and Khan (1998), record valves
used by Nagraja (1977), lower record statistics used by Faizan and Khan(2011), product of order statistics
used by Arslan (2011) and Lorenz curve used by Moothathu (1986) are available in the literature.

Other approaches such as coefficient of correlation of order statistics of sample of size two used by Bar-
toszyn'ski (1980), Terreel (1983 ), Fernando and Rebollo (1997), maximal correlation coefficient between
order statistics, of identically distributed spacings etc [used by Stapleton (1963), Arnold and Meeden (1976),
Driscoll, M.F, (1978), Shimizu and Huang (1983), Abdelhamid (1985)], power contraction of order statistics
by Navarro{2008), Random translation, dilation and contraction of order Statistics by Imtiyaz, Shah, Khan
and Barakat(2014), moment conditions used by Lin (1988), Too and Lin (1989), moments of n-fold convolil-
tion modulo one used by Chow and Huang (1999), inequalities of chernoff-type used by Sumrita and Subir
(1990) for characterization of uniform distribution.

Various approaches were used for characterization of negative exponential distribution. Amongst many
other Fisz (1958), Tanis (1964), Rogers (1963) and Fergusion (1967) used properties of identical distributions,
absolute continuity, constant regression of adjacentt order statistics, Fergusion (1964, 1965) and Crawford
(1966), used linear regression of adjacent order statistics of random, independent and non degenerate ran-
dom variables, Nagaraja (1977, 1988) used linear regression of two adjacent record values were as Khan,
Mohd and Ziaul (2009) used difference of two conditional expectations, conditioned on a non-adjacent order
statistics to characterized negative exponential distribution.

Economic variation in reported income and true income used by Krishnaji (1970), Nagesh (1974), in-
dependence of suitable function of order statistics used by Henrick (1970), Ahsanullah (1973, 1974 ), Shah
(1981) and Dimaki and Evdokia (1993), linear relation of conditional expectation used by Beg and Kirmani
{1974), Dallas {1976), recurrence relations between expectations of function of order statistics used by All
and Khan (1998), exponential and related distributions used by Tavangar and Asadi(2010), for characteri-
zgation of Pareto distribution,

Necessary and sufficient conditions for pdf f(x:8) to be f;(x;8), (j = lor2), defined in (1) is established
in section 2. Section 3 is devoted for applications where as section 4 is devoted to examples for illustrative
purpose.
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2. Characterization

Theorem 2.1. Let Xy, X,..., Xn be a random sample of size n from distribution function Fj;j = 1,2. Let
Xy € Xan, s © Xy be the set of corvesponding order statistics. Assume that Fy;j = 1,2 continuous
on the interval (a.b) where —oc < @ < b < oo, Let g(.) be non-constant differentiable function of th order
statistic (j = 1,t =1 and j = 2,t = n) on the interval (a,b) where —0o <a <b < oo, Then p.d.f. Jilz: 8)
of Fj to be fi{z;8),j = 1,2 defined in (1) if and only if

4
— .. =3 Xem)
916) = El6y(Ken)) = E[o(Xen) + e ME?II{X:-.H}]' @

Proof. Given f,(x:8), 7 = 1,2 defined in (1), for necessity of (2) if ¢;(X,.,) is such that g(8) = Elg;(Xen)]
where g(#) is differentiable function then using f;(zim;8); pdf of #** order statistic j = 1, = 1 anc
j=2,t = n one gets,

I3 dy(@rnd filzrni O)dyp, for j=1,6=1,
g(f) = (3)
_r,: m{zﬂ:ﬂ}fﬂ{rn:n;ﬂldmnm. for j = Qit =T

Based on f;(z : #) given in (1), substituting f;{z4n :8) for j=1,t=1land j=2t= n,the (3) will be

I3 #1(Z1a)ng? (017" (Z1mi ) ha (10 )1, fr j=12=1,
glg) = {4)
I $a(@nn)ngd (8)a7 ™+ (Zron; B2 (Tin)ATuin, for j=2,8 =

After simplification the (4) will be

ﬂy'l;:ij;] = ['ﬂ’l {Il:ﬂ]ql—n+1{zlm{ ﬂ:lhﬂz:l,,.}ii.l:l:“;fqr j=Lt=1 )
and
i
ﬂqz"-'g—i"—gl::;.} = f ﬁ{znlﬂ]qz_"'l'l{::n:H'-E}hi{mnm]dznm;for j - ']_1{, - {ﬁ}

Differentiating (5)and (6) with respect to  on both sides and replacing X, for # in (5) and replacing Xo.n
for # in (6)and simplifying one gets
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Iﬂfgg ':Xtm}

i Xen) = g{Xen) + aﬁ*‘ lng[q;ll[xg-,.,}]'j =lt=1and y=2.t=n. (7}
Note that
My (Xin) = ﬁ;@i#}‘(hnﬂ&: 1,t=1landj=2t=n, (8)

is finite function of X;.,. Further ¢;(X,.,) derived in (7) reduces to (2). This establishes necessity of
(2). Conversely given (2) kj{zt.n;#) be any arbitrary non constant integrable function of t** order statistic,
i=1t=1and j=2,¢=n such that

Jg dr(zimki(21mi0)desn, forj=1t=1,
g(0) = (9)
I #a(zan )2 (Znin; O)dTnn for j=2,t=n.

Since g is increasing function with g7 '(b) = 0 and gy is decreasing function with g5 '(a) = 0 following
identity holds.

I: —q?EE.] [ﬁgl:‘lln}q;nizlln}] dI];u., fDI j = lqt = I.I-
9(6) = (0
_r: ﬁ{ﬂ]‘[aﬁ?{xﬂn}qﬂ_“{tmn]d—fmm for j =2,t=m.
Differentiating integrand of (10) ¢; ™ (£en)g(en) and tacking 5—q; "(Zex) as one factor j = 1.# =1 and
j=12,t =n one gets (10) as

j; ¢|{:lll}[_ q{n{a]ﬂ:qr“{zl:n}] d.Z],;“. for J =1t= 1,
gi8) = (11)
J': ht:nm}[ﬁ“(ﬂ]ﬁq;“{:m“ ]:ldin:n Eﬂl-'_} — Eﬁt = Tl

where ¢ (Tye) s 88 derived in (T)(j = L.t = 1 and j =2,¢ = n). From (9) and (11) one gets

[ *Q?{H]I;?':ql_nitlmji forj=la<f<a<h

0, otherwise,

ki(2in: #) = § (12)
{ 3 (8) G-z " (Enn)i forj=2a<z<b<b

1, otherwise,
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Since ¢ is increasing function with q{‘[b} =0 and g3 is dmahing function with g3 '(a) = 0 integrating
both gides of (12) on interval (a,b) for j = 1,¢ =1 and j =2, = n one gets

j: kl[;ﬂl:ﬂ;g:ldxlm1 fDl'j = l.t =Y

1= (13)
th{zn;“:ﬂ]ldzmm for j =2,k =n.

Using (12) and (13},[kj[mt;n:ﬂ}] : reduces to f;(z; #) defined in (1) which establishes sufficiency of (2). O

Remark : Using &(X,.,,) derived in (7), the f;(2;#) given in (1) can be determined by

d
i Ig,_—n.'l'{xt:n]
My(zen) = o S g iXen)” (14)
and pdf is given by
d U'{xt:n)
. g) = Ty - e
filw®) = [~y Bae] ii=12, (15)

where /;(X;.n) is decreasing function for —oc € a < b = oo with I7(h) = 0, range must be truncated by
truncation parameter § from left for j = 1,¢ = 1 and is increasing function for —00 < a < b < oo with
U{a}=ﬂ,mngemuﬂthetruummdh}rtrmm&timpammﬂerﬁlﬁ'ﬂmrightfnrj=2,t=nmmhthnt.itantiaﬁes

M;(Xen) = 73— (108U (Xen)))- (16)

3. Applications
As special cases of the theorem 2.1 the following distributions are characterized.

(A) Characterization of negative exponential distribution with pdf

elEfl gefoxh
fng)= {17)
0, otherwise,

The sufficient condition in theorem 2.1 being

o0) = E[o(Xun) ~ (1) o 9(Xsn)] (18)
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where g(#) is non-constant function. From (14) for j=1,t =1 M, (X1 ) turns out as =n and hence using
(14) and (16)

My(Xym) = 33?;-; log(Ui (X)) = —n = Ui (Xyp) = e Fom,
which is decreasing function on interval (a,b) with U;(b) = 0 and range must be truncated by truncation
parameter § from left. Substituting these values in (15), fi(z:6) reduces to fa(x:#) defined in (17). Thus
negative exponential distribution is characterized.

(B) Characterization of Pareto distribution with pdf

f,'%; a<@<z<h
falz: 8) = (19)
0, otherwise,

The sufficient condition in theorem 2.1 being

o(6) = E[gX1) - (22) 5t — oK) (20)

where g(#) is non-constant function. From (14) for j = 1,¢ = 1 Mi(X,.,) turns out as — ™ and hence
using (14) and (16)

Ml{xli'ﬂ] - Efd:l_“ IDE{UI {X‘l:ﬂ-]) = _'x% = Ul{xl'.n:] — 'H}%ﬁq
which s decreasing function on interval (a,b) with Uy(b) = 0 and range must be truncated by truncation

parameter # from left. Substituting these values in (15), fi{x;#) reduces to fa(x:#) defined in (19). Thus
Pareto distribution is characterized.

(C) Characterization of power function distribution with pdf

el gerefabe>0
Jalz: ) = {21)
0, otherwise,
The sufficient condition in theorem 2.1 being
-y X d
9(6) = B [g(Xnn) + (T22) 7 —9(Xun)], (22)

where g(f) is non-constant function. From (14) for j = 2,t = n Ma(Xy.n) turns out as $°- and henee using
{14) and (16) '
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g~y T
Ma(Xun) = - 10g(Ua(Xn) = 32 = Ua( X)) = (X2,
which is increasing function on interval (a,b) with Uz{a) = 0 and range must be truncated by truncation
parameter # from right. Substituting these values in (15), fo(x;#) reduces to fs(x:6) defined in (21). Thus
power function distribution is characterized.

(D) Characterization of uniform distribution with pdf

3 a<z<@<he>0,
falz: @) = [23]
0, otherwise,

The sufficient condition in theorem 2.1 being

0(0) = E[p(Xum) + (122) 55—9(Xun)] (29

where g(#) is non-constant function. From (14) for j = 2,¢ = n Ma(X..,) turns out as 5"~ and hence using
(14) and (16) '

Mltxn:n} —, Jﬁk’g{_yﬂ{xu:n” i X?:’ =r U:{Xﬂi“} =X"
which is increasing function on interval (a,b) with Uz(a) = 0 and range must be truncated by truncation
parameter # from right. Substituting these values in (158), fa(z:#) reduces to fa(x: #) defined in {23). Thus
uniform distribution is characterized.

{(E} Characterization of generalized uniform distribution with pdf

sl a<z<@<ba>-l,
Jrlz:8) = (25]
0 otherwise,

The sufficient condition in theorem 2.1 being

9(8) = E[g(Xn) +( )d_;mgtxnl]. (26)

n[n+1}

where g(#) is non-constant function. From (14) for j = 2,¢ = n Ma(X,.n) turns out as nlotl) Lo hsnes
using (14) and (16) :%_l

'I'IIZI'#+1F

My(Xpn) = g¢— log(Ua(Xun)) = %2 = Ua(Xnn) = X35,
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which is increasing function on interval (a,b) with Uz(a) = 0 and range must be truncated by truncation
parameter § from right. Substituting these values in (15), fa(z;#) reduces to frlz; @) defined in (25). Thus

uniform distribution is characterized.

4. Example
Example 4.1 Let gi( X, ) be the uniformly minimum variance unbiased (UMVLU) estimator;

Xin+1-1;  fori=1,
GilXim) = (27)

E:_IEI = #ixlzn: fori=12,

Xoale4 1, fori=3,

c+1
f—2k j=d,
sl = PEE=ak e (28)
“:G'-II-' Xn:ﬂ-: for i =5,

of uy(#) = E{X); the first row moment and let the UMVU estimator of it quantile be

_IDEEI_P}‘f'Xl:ﬂ—;l.,} for i =6,
.q'i{xltn} = tag}
Xpml—p 1=, fori=7,
; ' (1+#)P_%X¢.ni Eﬂr:'=3.
1 . e
BilXnm) = 3 (1 * “)pxﬂm’ for i =4, a0

(14 sgery )P Xmi fori =5,

and let the UMV estimator of hazard function be

((-)(x)"
=1 (=) (2 skl for i =4, .

(=¥s) [rfigs —n+a)]; fori=s

for i =23,

2=
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Using (14) we get M;(X,.,), j=Lt=1land j=2t= n)

a2 {_x } E’Rd:ﬂ'{xlm} —71; fori=1,8,
1 Im) = =
d’{XI:n" - g{xl-n.]' "'ﬁ:'u fori= 2’?’
which satisfies
M E et [Ing[,-’{){l. )] =
1 10 dxl-.n 1 m
g~ Xun.  for i = 1,6,
Ul{XI:nJ =
{ o fori=27,
and
-  fori=23,8,11,
d
WF{xnm] Iu"; for 4,9,12,
M X~ = nn wim
aen) = ) — 2
- “: : for 5,10,13,
' which satisfies
Ma(Xm) = 2o [log U (Xun)] =
= d-xn-.n i
(%)% fori=38,11,
Ug{x“m} = x;ll:n.: for lli1 9,12,

xMatl). g 510,13,

Page NO. A6
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(32)

(33)

(34)

(35)

(36)

Since [y (Xy..) decreasing function on —oo < a < b < co with [7(b) = 0 and since U X, ) increasing
function on —oo < a < b < oo with Uafa) = 0 using method described in the remark 2.1 the pd f;(X;8)
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defined in (1) can be characterized through expectation of function of order statistics g:(Xe) jt =1 or
t=mnfori=1,2 .13 the UMVU estimator of non constant function such as first row moment, pth quantile
and hazard function by substituting M;(X.,); j=1and t =1 or j = 2 and t = n defined in (14) and using
Uj(Xem); (7 =1,t = L and j = 2,t = n) as appeared in (16) for (15} given below :

thxl:n}' ‘_:I‘ Uj [Xl:ﬁ] 3 E]—
: ; { Xian T Ui Xin)
1 ¥ r{#m“ﬂi—p.{xﬁ M;(Xen) = { 1’1[ ’{ . ]“=1
di lui”f-‘t‘.mu!
e =0, qc@<x<h,

1 1,6 -1 =" Xim falz:8) =

a, otherwise,

,, i a<@cxah,
Bl = = £ cn fa(xi8) =

otherwise,

el pcz=f<hf=K",

2| 3811 - (E:a) folz:8) = K >0,e>0,
otherwise,
1 a<z<@<h
¢ 4912 Ton Xin folx:8) =
. 0, otherwise,

pila®; a<<z<f<bha>-1,

2 | 5,10,13 esit Xla+1) Fol@:0) =
. ﬂr EI'W'iEE.
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